ECE 830 Fall 2010 Statistical Signal Processing

instructor: R. Nowak , scribe: Matt Bayer

Lecture 7: Hypothesis Testing and KL Divergence

1 Introducing the KL Divergence
Suppose X1, Xa, ..., X, ~ q(z) and we have two models for g(z), po(x) and p;(z). The likelihood ratio is

_ . p1(z;)
A= E po(z;)

The log likelihood ratio, normalized by dividing by n, is then
1 n

== Z log pi(:)

n =1 Po (xz)

Note that A,, is itself a random variable, and is in fact a sum of iid random variables L; = log 2 1590; which

are independent because the x; are. In addition, we know from the strong law of large numbers that for
large n,

= E[L]
AL

= Jee (i) s

= [ sy o ey

- / log Z;Z(J((z))q(x)dx— / log ;f(?)q(x)dx

The quantity [ log q(i)q( )dx is known as the Kullback-Leibler Divergence of p from q, or the KL diver-
gence for short. We use the notation

D(al) = [ ) log 423

for continuous random variables, and

D(qllp) = Z% 10g -~
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for discrete random variables. The above expression for £ [[\n] can then be written as

E |An] = Dlallpo) ~ Diallp)

o Hy

Therefore, for large n, the log likelihood ratio test (LRT) E [An} 2 ) is approximately performing the
Hy

comparison

Hy
D(q|lpo) — D(qllp1) = A

Ho
In particular, for A = 0-i.e., if the probabilities for the two models are equal at the threshold value—we have
the test

Hy

D(ql|po) 5 D(ql|p1)

0
For this case, using the LRT is equivalent to selecting the model that is ”"closer” to q in the sense of KL
divergence.

Example 1 Suppose we have the hypotheses

HO : Xla"'aXn%iN(y’an—z)
Hy : X1, X “ N (w1, 02)

Then we can calculate the KL divergence:

n@ < Tora7 P [~ 37 (@ — m)?] )
po() 5= XD [~z (z — ho)?]
= s ) - o))
= —% [—2xp1 + pd + 2wp0 — 5]
pi{z
D(p1llpo) = /Ingl(x)pOEz;dx
1
-l

Il
=

1
1 {—%2 (=2zpn + pd + 220 — p5)

1

= —5o3 (20 = m)Ey, [2] + 47 — i)
1

= 52 (=2muf + i + 2p1p0 — p15)

1

= 952 (Hg = 2p0p1 + M%)

(- f10)?
202

So the KL divergence between two Gaussian distributions with different means and the same variance is
just proportional to the squared distance between the two means. In this case, we can see by symmetry that
D(p1]lpo) = D(pol|p1), but in general this is not true.
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2 A Key Property

The key property in question is that D(q||p) > 0, with equality if and only if ¢ = p. To prove this, we will

need a result in probability known as Jensen’s Inequality:

Jensen’s Inequality: If a function f(z) is convex, then
E[f(z)] > f(E[z])

A function is convez if V X\ € [0, 1]

fQz+(1=Ny) <Af(z)+(1=Nf(y)

The left hand side of this inequality is the function value at some point between z and y, and
the right hand side is the value of a straight line connecting the points (x, f(x)) and (y, f(y)).
In other words, for a convex function the function value between two points is always lower than

the straight line between those points.

Now if we rearrange the KL divergence formula,

Dy = [ ala)tog 4

we can use Jensen’s inequality, since — log z is a convex function.

Y

~log (E [W)

q(z)

= —log </Q($)Zgi§
— g ( / p(x)dx)

= —log(1)
=0

Therefore D(q||p) > 0.

3 Bounding the Error Probabilities

The KL divergence also provides a means to bound the error probabilities for a hypothesis test. For this we

will need to recall Hueffding’s Inequality.

Hueffding’s Inequality: If Z;,...,Z, are iid and a < Z; < b, V i, then
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1 2,2
Pl = Z,—E[Z] > < —2ne”/c
(rEa-sim=c) <.

and

1
P (E (2] - > Zi> 6) < et/
A

where ¢ = (b — a)?.

Now suppose that py and p; have the same support and that over that support they are both bounded away
from zero and from above; i.e. 0 < a < p;(z) < 8 < oo, i =0,1. It then follows that

log 2 <log pi() <log A
B po(i) @

The quantity log % is just the random variable L;. Thus L; is bounded, and A, is a sum of iid
bounded random variables. This allows us to use Hueffding’s Inequality. Now, consider the hypothesis test
~ Hi
A, = 0. We can write the probability of false alarm as

Ho

Ppy = P ([\n > 0|H0)

P (An ~E [An\HO} > -E [An|H0] | HO)

The quantity —E {/A\n|Ho} will be the € in Hueffding’s inequality. We can re-express it as

o [An |H0}
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—D(pollp1)
Finally applying Hueffding’s inequality, we get

Pra = P (A= (=D(pollp1)) > D(pollp1) | Ho)

e—2nD*(pol|p1)/c?

IN

with ¢? = (logg — log %)

Thus the probability of false alarm error is bounded by the KL divergence D(pg||p1). As n or D(po||p1)
increase, the error decreases exponentially. The bound for the probability of miss, the other type of error,
can be found in a similar fashion:
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Pry = < <0] Hl)

P
— ]p( —Dp1||p0)< D(p1||po)|H1>
P

(P@1llpo) = A > Dipallpo) | 1)

< e —2nD%(p1||po)/c?



