ECE 830 Fall 2010 Statistical Signal Processing

instructor: R. Nowak , scribe: Yang Song

Lecture 11: Signal Detection in Unknown Noise

Recall last lecture

Hy: X ~ N(0,0°1)
Hy: X ~ N(HO,0%I)

with o2 known, H,, ) known, and 0, unknown. GLRT:

T H
z! Pgx H1
LSS

210g[\(x) 572 ;’y
0

Under Hy, .
x* Pz 9
20_2 ~ Xk

Example 1 Generalize the above question:

Hy: X ~ N(0,%)
Hy: X ~ N(H6,Y)

with 3 known, H,xr known, and 0«1 unknown.

1 Wilk’s Theorem

Theorem 1 Suppose Hy and Hy composite with

Hy models C H; models, dof : degree of freedom
l dofs k>1 dofs

Then under mild regularity assumptions, if

ig.d. 9
Xl,...,Xn ~ Xkl

Then, under Hy
N n—oo
2log Ap(x) "~ Xi—l
—_———

log GLRT
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Probability Density Function of Chi-Square Distribution

k increasing, more conservative

0.1

Figure 1: Probability density function of x3%

2 Unknown Noise Level
Now let’s look at case where noise level is unknown. Suppose

Hy: X ~ N(0,0%])
Hy: X ~ N(s,0°I)

where 02 > 0 is unknown and s is n x 1 and known.

log Likelihood Ratio:

1 1
log A(z) = f@(x — ) (z —s)+ T‘QITI
So our test is equivalent to
r, D
—s'xzq
Hyo
or
r, . 2
t(z):=sa 27, sincec” >0
Hy

Then what is the distribution of #(x)?

Both distributions depend on unknown o2!

Let’s look at the GLRT. The MLE for o2 is

62 = argmax P(x|H;), i = 0,1

P =
o2
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For Hy we have

52 arg ma 1 e L T
o, = X————=exp | —=—=
0 gaz (2mo2)n/2 P\ 752
= arg max — & (log 0% +log 271') - i:cTo:
2 202
1
= argmin n logo? + —=aTx
2 o2
Take derivative with respect to o2
0 n 1 1 5
1
=62 = a2
n
Similarly,
62 = —(z—s5)T(x—s)

So the GLRT is

(e oies)

Alz) = ’ .
e o (—7e7e)

N n LET{E
log A(z) = 5 log <<J;_Tx_>>

)n/2

Q>‘ Q>

2
0
2
1
the log GLRT is

What is the distribution of X under Hy? X ~ N(0,0%1

A n o?wTw
=2 h ~ 1
= log/T\(:r) 5 log <(aw — T (ow = s)> , where w ~ N(0,0°I)

still a function of o2!

And, Wilks’ Theorem doesn’t apply since both Hy and H; models have one degree of freedom. We cannot
set v to control either error.

3 Unknown Signal and Noise Amplitudes

Let’s look at a slightly different problem. The problem in the previous case is that the unkown noise
amplitude affected the variance of both distributions, and the MLE of the noise variance differed in the two
hypotheses. Let us now suppose:

Hy: X ~ N(0,0%1)
Hy: X ~ N(0s,0%)

with o2 unknown, # unknown, and s, x1 unknown.

Under Hy

X = ow, w~ N(0, I)
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Under H;

X = fOs+ow
0
= o(#'s+w), where ' =—
o
The advantage here is that ¢ can be viewed as a scaling factor for the observation in both cases.

Let’s consider the GLRT for this problem. Under Hy

1
62 = —a'x, asbefore.
n

Under H;, we must find the MLE of 6 and &2.

1 1
P(z|H 0, 0*) = Wexp (—W(x—QS)T($—98)>

Taking the log we have:
1
—g(log o? 4+ log 2m) — ﬁ(xTx — 10572 + 6%s7s)

Differentiating with respect to o2:

st = 6sTs

A sTx

=0 = —

sTs

Differentiating with respect to o2
1 1 . .
- g; + 2—(3& —0s)T(x—0s) = 0
=162 = Z(x—0s)T(x—bs)

Note: Wilks’ Theorem applies:

P(X|H1,0,6%)

2log ———M—~
8 "B(X|H,, 62)

~ x? forlargen

Let’s look at the GLRT more closely.

P(.T‘Hl, é,ob)
P(x|Ho, 02)

n/2 1 o R 1
e (x—f _d -
) exp ( 57 (x —0s)" (x —0s) + Q&ngsc>

n/2
exp (—ﬁ + E)
2 2

Az) =
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So the GLRT has the simple form

52 T H
g T x 1
52 = ; 2
o (x —0s)T(x — 0s) Ho

or equivalently

2Ty 1;1
” ” v
(@ — 2572 (z — 2572) f,

Under Hy we have X = ow, w ~ N (0, I), and so the test statistic is

crszw

— i jant to o2
0—2(w — Psw)T(w — Psw) mvarian (Ol

Definition 1 v can be chosen to insure a special Pra for every value of o2. A test like this is said to have
a constant false alarm rate and is called CFAR detector.

To set v we need to determine the distribution of ('lU—Ps’l})l)];?;U—P<7U)7 w ~ N(0,1). Consider the test
statistic
xTx
Hz) = (x — Psz)T(z — Psx)

Tz 2T (I — Py)x + 27 Pyx

- x(I — Pz - 2T (I — Py)x

14 P,z
2T(I — Py)x

So equivalently, we can write the GLRT as:

2T P.x H,
e 27
JJT(I — PS)Z‘ Hy

Let U be n x (n — 1) matrix whose orthonormal columns span subspace orthogonal to s.

U = [ul, ce ,un_l}
Then wy, ..., Un_1, ﬁ are orthonormal basis for R™
T..|2
T Ed
' Psx = ————
’ ]2
n—1

T Pys = Z\u?ﬂz
i=1

Under Hy
|s"w|? 2
2 ~ X1
5]l
n—1
T, \2 2
E (uj w)* ~ X5_1
i=1
Moreover, because u1, . .., u,_1 are orthogonal to s, the s”x and ulx, i = 1,...,n — 1 are uncorrelated and

thus independent.
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T 2
= % are independent!

The ratio of independent x? random variables with degree of freedom k and [ respectivel
studied and has a name: F-distributed with (k, [) degree of freedom

2

Xk/k
~ Fi
Xt/
In our case, under Hy
T

z' Psx

- ~ F1 1

2T (I — Ps)z/(n—1)

and thus we can use the tail of the F-distribution to set a threshold for a desired Prg4.

Probability density function of F distribution
5 T T

Figure 2: Probability density function of F' distribution and x? distribution

Note:
If X ~ F(v1,12), then Y = lim 11X has the chi-square distribution x3 .

Vo —» 00
In our case, lim Fy,—1 ~ X3, which is what Wilks’ Theorem told us.
n—oo

vy has been well



