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Abstract—Subsampled (or partial) Fourier matrices were origi- y is corrupted by either stochastic noise or deterministic
nally introduced in the compressive sensing literature by Cands  perturbation?
et al. Later, in papers by Candes and Tao and Rudelson and * A nymper of researchers have successfully addressed these

Vershynin, it was shown that (random) subsampling of the rows estions. and their extensions to less restrictive nstioh
of many other classes of unitary matrices also yield effective questi ! I ex : Ictiv

sensing matrices. The key requirement is that the rows ofJ, the ~Sparsity, over the past 30 years or so. In particular, the
unitary matrix, must be highly incoherent with the basis in which  celebrated success of CS theory can primarily be attributed

the signal is sparse. In this paper, we consider acquisition systemsto some of the recent research breakthroughs that estadblish
that—despite sensing sparse signals in an |ncoh§rent domain—inat g signalx that is either S-sparse or approximately
cannot randomly subsample rows fromU. We consider a general 3. b liabl d efficientl tructed f
class of systems in which the sensing matrix corresponds to SParse can ? reliably an_ efhcien y recons rucg rom
subsampling of the rows of matrices of the form® = RU (noiseless or noisyy by making use of (i) an appropriately
(instead of U), where R is typically a low-rank matrix whose designed sensing matrix with a relatively small number of
structure reflects the physicalltechnological constraints of the rows—typically much smaller thap—and (ii) tractable linear
acquisition system. We use the term “structurally-subsampled optimization programs, efficient greedy algorithms, ort fas

unitary matrices” to describe such sensing matrices. We inves- . . .
tigate the restricted isometry property of a particular class of iterative thresholding methods. Proofs of these remaeabl

structurally-subsampled unitary matrices that arise naturally in resullts all relly in some sense on the same property of the
application areas such as multiple-antenna channel estimation sensing matrix, namely that every collection 26 columns

and sub-nyquist sampling. In addition, we discuss an immediate of (appropriately normalized\ should behave almost like an
application of this work in the area of wireless channel estimation, isometry. One concise way to state this condition is through

where the main results of this paper can be applied to the - . o .
estimation of multiple-antenna orthogonal frequency division the restricted isometry propertyRIP), first introduced in [3].

multiplexing channels that have sparse impulse responses. Definition 1: An n x p matrix A having unit £2-norm
columns is said to have the RIP of ord&rwith parameter
I. INTRODUCTION Jgs if there exists somégs € (0, 1) such that
A. Background (1= ds)Ixl3 < [IA%]3 < (1 + ds)Ix[I3 )

In-a nutshell, the theory of sparse signal recovery—@4s for all S-sparse vectorg. In this case, we sometimes
compressive sensing (CS), as it is commonly called todayppae use of the shorthand notatiane RIP(S, Js) to state
deals with recovering a signale CP from linear observations that A satisfies the RIP of orde§ with parameteds.
of the form It is easy to see from (2) that the RIP of ordsr is

y=Ax : |x[o<S 1 essentia]ly a statement abput the singylar values of all.S

submatrices ofA. And while no algorithms are known to

where ||x||o counts the number of nonzero entriesxinand date that can check the RIP for a given matrix in polynomial
A € C"*? is a known matrix. This mathematical modeltime, one of the reasons that has led to the widespread
corresponds to a nonadaptive measurement process thas semgplicability of CS theory in various application areashs t
an S-sparse signalx by taking n linear measurements ofrevelation that certain probabilistic constructions oftricas
the signal and the goal here is to reliably recowefrom satisfy the RIP with high probability. For example, it hagbe
knowledge of theobservation vectoy and thesensing matrix established in [4] that if the entries of anx p matrix A
A. Fundamentally, however, the theory of CS deals with trare drawn independently from A/(0, %) distribution then
special case of. < p—which arises in many data-starvedA € RIP(S,ds) with probability exceedingl — =9
inverse problems in a number of application areas—and & every 65 € (0,1) providedn = Q(Slog %). Similarly,
tempts to answer the following questions [1], [2]: (i) Whatonsider am x p subsampled unitary matriA obtained by
conditions doed\ need to satisfy to ensure successful recovefiyst randomly selecting: rows of ap x p unitary matrix U
of a sparsex? (ii) Can (1) be reliably solved fat in practice and then normalizing them so that the resulting columns of
using polynomial-time solvers? and (iii) What performancA have unit/;-norms. Then it has been shown in [5l, [6]
guarantees can be given for various practical solvers whittat A € RIP(S,ds) with probability exceeding — p—©(%s)



for every ds € (0,1) providedn = Q(u3; Slog® p), where 2-d projections of its 3-d Fourier-domain samples (physica
Ly def JPmax, ; |u; ;| is termed as theoherenceof the constraint) [10]. Similarly, it is generally desirable toopect

unitary matrixU. an ultrawideband signal with limited spectral content oato
smaller spectral band before sampling it since randomized
B. Structurally-Subsampled Unitary Matrices sampling to acquire the signal can be very sensitive to timin

Subsampled unitary matrices were originally introduced-€ITors (technological constraint) [11]. o

and partially analyzed—in the modern CS literature in [7]. In the parlance of CS, the sensing matrices in both the
Initially, the focus in [7] was on sensing matrices that corRforementioned cases now corre{;spond to subsampling of the
responded to subsampled (or partial) Fourier matriceserLatrows of matrices of the form® “/ RU (instead ofU),

the analysis was advanced further by Gasmcind Tao and whereR is typically a low-rank matrix whose structure reflects
Rudelson and Vershynin in [5] and [6], respectively, wherde physical and/or technological constraints of the aitjon

they established—among other things—that (random) subsasyistem andU is the transform domain (unitary) matrix. We
pling of the rows of many other classes of unitary matricasse the ternstructurally-subsampled unitary matricés such

also yield effective sensing matrices. Together, the tesafl sensing matrices so as to distinguish them from the canlonica
[5]-[7] form the basis of the so-callgarinciple of incoherent subsampled unitary matrices studied in [5]-[7] and forgnall

measuremenjstated as follows. define these matrices as follows.
It is best to acquire samples of a sparse signal Definition 2: Let U be ap x p unitary matrix,m < p be
in a maximally incoherent transform domaid, an integer parameter, af®l be anm x p row-mixing matrix

where the incoherence is measured by the coherence 9iven by
parametep.y—the smaller the coherence parameter, 3
the greater the incoherente. ®)

This principle is made mathematically precise in [5], [6] bNext, choose a subsét of cardinalityn def 10| uniformly at

stating that a (randomly) subsampled unitary mabneeds - rangom (without replacement) from the @t ..., m}. Then
to haven = Q(uy; Slog”p) rows in order for it to satisfy (he structurally-subsampled unitary matei generated from
the RIP of orderS with high probability. Note that since (R,U) is a submatrix of® = RU obtained by selecting
pu = /pmax;|ui;|, we have that (i) the coherence Ofgys of & corresponding to the indices i and normalizing
a unitary matrix cannot be smaller than and (i) unitary e resulting columns so that they have uhinorms.
matrices with entries of magnitud@(1/,/p) are maximally — pemark 1:A structurally-subsampled unitary matriA
incoherent. In other words, transform domains such as Eourigenerated fromR, U) can also be thought of as a twice-
composition of Fourier and wavelet, and Hadamard are @lipsampled version of the unitary mati% Here, the first
qumally mco_hgrent and are, .therefore, particularly lwelsubsampling step corresponds to obtainingrar p matrix &
suited for acquisition of sparse signals. , . from U by projecting thep columns ofU onto them rows

It tums out that a number of real-world signal acquisigs R |n contrast, the second subsampling step corresponds to

tion systems already adh_ere to th_e principle of_ inCOhere&StainingA from & by randomly selecting (and appropriately
measurements due to various physical/technological MSasthormalizing)n rows of &.

For example, data acquired by magnetic resonance imaging
scanners naturally correspond to Fourier-domain samdles@ Main Result

the object being imaged [8]. Similarly, channel measurémen i g o4y to see from Definition 2 that the theory of subsam-

collected by a communications receiver using multicarrigfieq \nitary matrices is not easily extendable to strutiura
modulation inherently correspond to Fourier-domain s&siplg,psampled unitary matrices, except for the trivial cas®&of
of the. smgle-antepna channel being estimated [9]. As S_U(Hbing a (square) diagonal matrix. In this paper, we investi-
therg is a natural fit between_ thg theory of subsfampled lynltegate the restricted isometry property of a particular class
matrices and these two applications, as noted in, e.g.[JB], structurally-subsampled unitary matrices that arisenadijuin

Contrary to these examples, however, our interest in thigjication areas such as multiple-antenna channel aigima

paper is in acquisition systems that—despite sensing spatsg sub-nyquist sampling. Specifically, le€ {1,...,p} be a

signals in an incoherent domain—cannot samipidividual ter that i int factoroand def def
coefficients in the transform domain. This indeed happerss jparameter that IS an integer factor;oRnd definén = p/k.

def .
number of real-world systems because of a multitude of physurther, letA, = {a; € C}7_, denote g-length generating
ical constraints and/or technological limitations. Foaeple, Sequence and define the rows of R to be generated from

the impulse response of a multiple-antenna channel géperdhe sequencel, as follows

Rd;f [rl ro ... rm]T

lives in a three-dimensional (3-d) space but a communica- de

; , - - - : LY 00 a am 0 ...0]. @

tions receiver using multicarrier modulation can only dpgu i o Yik—kAl el ik o0 |
(i—1)k terms p—ik terms

1The coherence parameter gets its name from the fact that we & wI th ds. th . tiR. h block-di |
nuU = /pPmax; ; |(u;, e;)|, whereu; denotes the-th column ofuH and !N Other woras, the row-mixing matr as a block-diagona

e; denotes thg-th column of the canonical basks,. structure. Then the main result of this paper—stated in terms



of the following theorem—asserts that structurally-subsiach  further written in a compact form with the help of a non-
unitary matrices generated frofR, U) satisfy RIP for the negative function| ||z s : CP*P — [0, c0) defined as follows
nontrivial case ok > 1 when.4,, is a Rademacher sequerice. def

Theorem 1:Let the elements of the generating sequence M|rs = TQ?X,]HMTxTHQ (7)
A, = {a;}!_, be independent realizations of Rademacher TS
random variables taking values1 with probability 1/2.
Further, letR be them x p row-mixing matrix whose rows
are generated by the sequendg according to (4), where
m = p/k for a parameteic € {1,...,p} that is an integer
factor ofp. Choose a subsét of cardinalityn = || uniformly
at random (without replacement) from the d&ét ..., m}.
Finally, let U be anyp x p unitary matrix, and letA be |AMA — 1|75 < s (8)
the n x p matrix obtained by sampling rows of ® = RU
corresponding to the indices fhand normalizing the resulting and we will prove this inequality in the sequel for the
columns byy/m/n. Then for each integep, S > 2, and for structurally-subsampled unitary matrices of Theorem 1.
anyz > 1 and anyds € (0,1), there exist absolute (positive)
constants:; andc, such that whenever

whereM . denotes &7T'| x |T'| submatrix ofM obtained by
collecting all the entries oM corresponding to the indices in
setT' xT. Going back to the definition of RIP, we can therefore
alternatively state that an x p matrix A € RIP(S,dg) for
some constanig € (0,1) if

D. Organization
The rest of this paper is organized as follows. In Section II,

n > czuiS log® plog® S (5) we provide a proof of Theorem 1 using tools from the classical

theory of probability in Banach spaces. In Section Ill, we

the matrix A € RIP(S,ds) with probability exceeding —  giscuss an application of Theorem 1 in the area of estima-
20 max { exp (—c203z) ,p~'}. tion of multiple-antenna channels that have sparse impulse

Remark 2:One of the main advantages of describing theesponses. Finally, in Section IV, we heuristically congpar
structurally-subsampled unitary matrk of Theorem 1 as a the performance of structurally-subsampled unitary roesi
subsampled version @ is that it allows us to borrow some 0fto that of canonical subsampled unitary matrices and déscus
the mathematical techniques used by Rudelson and Vershygtig connections between the results of this paper and some
in [6] to establish the RIP of canonical subsampled unitagkisting works.
matrices. Nevertheless, construction of the sensing xnatri
of Theorem 1 can equivalently be understood in the follogysin Il. PROOF OF THEMAIN RESULT

sense: Divide the x p unitary matrixU into m contiguous |t js a trivial exercise to verify thalt- ||, s defines a norm—
blocks of & = p/m rows each and select of these blocks \yhich we term ag(T, S)-norm—on the vector spac&r*?.

corresponding to the indices in the SRt Then every row Therefore, the matrixAHA — 1,,) lives in the Banach space

of A corresponds to a (random) superposition of theows def [ ~pxp .
of one of these selected blocks. In fact, this interprertatioB = (C%,]| - [lr,s) and the main tools that we use to

of the structurally-subsampled unitary matrices of Theofe e?tabhsh t he Imequallty In (8) come from the classical theo
. : robability in Banach spaces [12]. The general roadmap fo
is what enables us to use the results of this theorem Ia?erp

. L . our proof is very similar to [6, Theorem 3.3], which is now a
in the context of estimation of multiple-antenna orthodona . . ; . .

o . . Well-established technique in the CS literature for estabig
frequency division multiplexing channels.

. : : RIP of subsampled matrices [11], [13]. In particular, theqgdr
Before proceeding with thg proof .Of. this theore”f" hO\'\’G\’(':'lré.\Iies heavily on an upper bound on expectéd.S)-norm of
let us introduce some notation (originally used in [6]) tha§um of independent rank-one matrices that was established i

wil grgatly fgcilitate the mgthem.a.tical analysis in thejsel. [6, Lemma 3.8]. In the following, we describe the basic steps
Specifically, it can be easily verified from (2) that anx p taken to establish a formal proof of our stated claim.

malrix A eth{fP(S, %S)l if the following inequality holds for First, we initially assume that—instead of the uniformly-at
some constanis € (0,1) random sampling model—the structurally-subsampled uynitar

H matrix A in Theorem 1 is generated frofR, U) according
e o) ‘ATAT _I‘T‘HQ < s ®) i a Bernoull sampling model. That is, l&t,...,¢, be
ITI<S independent Bernoulli random variables taking the value

where]| - ||2 denotes the spectral norm of a matrix (the Iargeg\f'th probability n/m. Then,

singular value of the matrix), and; denotes am x |T| 0 ¢ = 1} )
submatrix of A obtained by collecting all the columns &
corresponding to the indices in SBt This expression can beand A is a (normalized)|?| x p submatrix of ® = RU
obtained by samplindQ}| rows of ® corresponding to the
2Here, we term a sequence as a Rademacher sequence if its eemigrdices in{2 and normalizing the resulting columns W
independently take the valuesl with probability 1/2 (in other words, if the \zle then have the following lemma that shows that under this

elements of the sequence are independent symmetric BernoRlélidemacher . . . .
random Variames).q P Y assumption the Gram matrix"A = I, in expectation.



Lemma 1:Let the structurally-subsampled unitary matri¥integerp > 2 and anyr € [2,2log p|, we have
A in Theorem 1 be generated frofR, U) according to a

i i i , 1/r [m , 1/r 1162, logp
Bernoulli sampling model (as described above). Then, (E[”Anlnax]) < g(E[H‘I‘me]) < 1;

E[A"A] =1, (10) (14)

where|| - | max denotes the max norm of a matrix (absolute
value of the largest-magnitude entry of the matrix).

Proof: The proof of this lemma is very similar to that of
1, Lemma 5] and is, therefore, omitted here for the sake of
evity (alternatively, see [15, Lemma 3.13]). ]

Proof: See the Appendix.

Second, we use Lemma 1 to establish that'A — 1, |7 s
cannot be too large in expectation for large-enough valdies 9
n in the case of a Bernoulli sampling model. The proof
this result, however, is a little more involved and makes u?é

: : H
of a number of auxiliary lemmas. The most important lemma Ar‘]" the p|ecfes are nOV‘III_'n placlg to bo‘éﬁ‘lﬂA_ A-Trs] J
that we will need in this regard is the following one, due ¢ff? the case of a Bernoulli sampling model using Lemma 2 an

Rudelson and Vershynin [6, Lemma 3.8] techniques developed in probability in Banach spaces [12].
e o Lemma 5:Let the structurally-subsampled unitary matrix
Lemma 2 (Rudelson-Vershyni)et vy, ...,v,, r < p, be ) .
vectors inC? with uniformly bounded entrieg|v;|lcc < K A in Tngorem I'l be ggn:ar?rt:d f;oﬁR, U). accordmg toda
for all 7. Further, let{¢;} be independent Rademacher randorgermo! |03fmp 'n?‘ model. Then for any integer> 2 an
variables taking values:1 with probability 1/2. Then nye € (0,1), we have

. r 1/2 E[HAHA_IpHT,S] <e (15)
E st-v-v'ﬂ < B(r)- H > vivy! (11)
=1 Ctlrs] T P s provided the number of rows > ¢, ¢ 2u3; Slog® plog? S
- - for some absolute constaat > 0.
where B(r) def 3 K+v/Slog (S)+/Iog py/log r for some abso- Proof: The proof of this lemma can be found in [15,

lute constant; > 0. Lemma 3.14]. -
In order to make use of Lemma 2, however, we require Finally, we show thaf A"A — L[|z, concentrates around

the entries ofA to be uniformly bounded by some numbeftS Mean with high probability. To establish this fact, hoee

K. To this end, we will make use of the classical Khintchin¥® n€ed one additional classical result from the theory of

inequality for independent and identically distributed.qi) ProPability in Banach spaces. The following result is araly
Rademacher random variables [12, Lemma 4.1]. due to Ledoux and Talagrand [12, Theorem 6.17] and appears

Lemma 3 (Khintchine Inequality)tet {¢;} be independent in the following form in [6, Theorem 3%9]];
Rademacher random variables taking valdsiswith proba- ~ Theorem 2 (Ledoux—Talagrand)et B = (X, |-||x) be a
bility 1/2. For anys € (0,00), there exist a positive finite Banach space. Further, 1gY;}L; be independent, symmetric
constantC, depending ons only such that for any finite fandom variables in8 such that|Y;|x < B for everyi
sequencga;} of complex numbers almost surely. Finally, defing” “/ H >N Yi|| - Then for
any integersr > ¢, anyt > 0, and some absolute constant
(E H Z g0

SD”S < CS(Z \ai|2)1/2. (12) ¢ >0, satisfies
. , Pr (Y > 8¢E[Y] +2rB +1) < (C) +
For the case of real numbers, it has been established by q

Haagerup in [14] that the best constant in (12) is t?
' —|—2€xp< 256qE[Y]2> (16)
def 1, if 0<s<2, )
cr = L2 { T((s41)/2) 1/s _ (13) We are now ready to establish the RIP for structurally-
2!/ (T) ) if 2 <s < oo, subsampled unitary matrices described in Theorem 1.

Proof of Theorem 1: We begin by recalling the result
whereT'(z) </ Jo2t==1e~tdt is the Gamma function. How- established in [7, Section 2.3], which states that if it can
ever, it is trivial to verify thatC* is also a valid constant P& shown that subsampled matrices in a particular class
in the case of complex numbers, since if the upper bound $atisfy the RIP with probability exceeding — » for the
the Khintchine inequality holds for real numbers with somBernoulli sampling model, then it follows that subsampled
constant then it also holds for complex numbers with the sarff@trices belonging to the same class satisfy the RIP with
constant. We are now ready to prove that the entries of tREObability exceedingl — 27 for the uniformly-at-random
structurally-subsampled unitary matrix cannot be too large Sampling model. As such, we begin by assuming that the

in the case of a Bernoulli sampling model. structurally-subsampled unitary matrik is generated from
Lemma 4:Let the structurally-subsampled unitary matri¥R, U) according to a Bernoulli samp!l|r}g model.
A in Theorem 1 be generated frofiR, U) according to a  Next, consider the Banach spate = (CP*? | - ||7.s)

Bernoulli sampling model (as described earlier). Then for a and define random variablgsy; }7_ and {?i}?zl that take



values inB as follows simple union bounding argument. Further, we also have

)

(d)
s(Tef, + e,) @

max max

defm o1 ~ (c)
Y gl - 1, ma [ SmaX{Hm(pi@H
% T, 2 n

D Goi0! - o). i=tp (D)

Y, <
where {Q} are the Bernoulli random variables arising in
the Bernoulli sampling model,{gb?’} denote the rows of where(c) mainly follows from triangle inequality, anf) is

® = RU, and {g} and {¢;H} are independent copies ofa simple consequence of the definition @, S)-norm and
{¢:} and {¢!'}, respectively. In other words, each randorthe fact that|®|| S nax; 4" ]l (and in the same way,

variable Y; = Y, — Y. is a symmetric version of the H<I>’H =4 max; |\¢;H||OO). It is then easy to see from (20)

max

corresponding random variab¥;, where'Y; denotes an in- and (22) that we haveax; ||Y;||r.s < 2SB; with probability
dependent copy oY ;. In particular, we have thgt>!_, Y;is exceedingl — 2p~1.

a symmetric version of_%_, Y, and, therefore, the following Finally, define the event def {maxl_ II?iHTs < ZSBl}.
symmetrization inequalities hold for all > 0 [12, Chapter 6] Then conditioned on this event, we have from (18), Lemma 5

P P P and Theorem 2 that whenever> ¢, e 2u3 Slog® plog® S
|2l <= e, ) oo
i=1 ’ i=1 i=1 ’

m ., /H
e
s n¢z¢z

n

T
Pr <Y > 16qe + 4rSBy + t!E) < (C;) +
; 2 r 23
e QE[H;Yi T,S} +u> < +oexp (1024(162) 23)
P for any integerr > ¢, anyt > 0, and anye € (0,1). Next,
2PH Y, . (19) ch = Tecs], t = 32/, = [t f
r ( Z; s u) (19) chooseq = [ecs] t 32,/qne, andr deJ[QSBJ or some
= n > 1. Further, define a new constant = max{e\/a, 04}
There are two key observations tbat can be mNade here. Figstd letn > ¢, e 2u2; Slog® plog® S. Note that this choice of
we can bound the expected valuesf~/ |52 Yi|lr,s us- n ensures > g, resulting in
ing (18) and Lemma 5 since B[ >-7_, Y;] = 0 (Lemma 1), N Janen
and (i)Y “ | S, Y s = |A"A T, 7.5 Second, we P (¥ = (160 +96y/@0)e|E) < exp <—3M%51ogp> *
can obtain a large-deviation bound T using (19) and The- 426 (_ 2) (24)
orem 2 since—hy construction{%(i}f:1 are independent, AT
symmetric random variables ii. Before can use Thereom 2We can now get rid of the conditioning in the above expression
to characterize the tail behavior &f, however, we need to by noting thatPr(E¢) < 2p~!, which in turn implies

establish thatnax; ||Y;|r.s < B for someB. N o
Towards this end, we first (rather trivially) establish that Pr (Y > (16q + 96\/677)6) < exp (_\/@7> +

Pr (H Zp:Yi
1=1

max; { /2| ¢f [loos v/ Z]|¢; [l } cannot be too large with 3uiySlogp
high probability. Specifically, note from Lemma 4 that we &av +2exp (—7°) +2p~". (25)
for r = 2logp

In the end, what remains to be shown is th¥t =

m 16 epdylogp | @ I35 Yillrs = |AHA—I,[1,s < ds with high probability.
Pr EHQHmax > " < To this end, note that i > ¢; e=23; Slog® plog® S then

E[Y] < e from Lemma 5. Consequently, we get from (19)
E[[|® |50 _ ! (20) and (25) that
er/z,E[Hq)Hr ]

max

Janen
S . . Pr(Y>(2+1 3 2 -
where(a) follows from an application of Markov’s inequality t ( 2 (2+ 169 + 96‘/677)6) < 2exp ( 3u$Slogp

(see also [11, Lemma 5]). Next, defirig, "</ Ww. +4dexp (—n?) +4p~'. (26)
Then we have from (20) that dof
Finally, definecs = (2+ 16¢ + 96,/g) and note thatgn e >

: s
Pr <{N/ZLH¢'”max > w/B1} (2 + 16¢ + 96,/gn)e sincen > 1. If we now choose) = 2=
then —/Z" _ - 2 and, therefore, (26) can be simplified as
3ugySlogp

m ®
(210l vE}) Dot @) pe(vs0) < omas (e (i)t} @D

where®’ is comprised of{qng} as its rows (in other words, wherecs def 1/cg and z def 1/€2. The theorem now trivially
&’ is an independent copy ob), and (b) follows from a follows from the discussion at the start of the proof. =



I11. A PPLICATION: ESTIMATION OF SPARSE Ng and Nt x Np (unitary) Fourier matrices, respectively. The
MULTIPLE-ANTENNA CHANNELS goal then is to reliably estimate the impulse responsé-of

In this section, we discuss an application of structuralf¥Sing{¥»,Xn}s,. and a small number of pilot subcarriers.
subs_ampled unitary matrices in the area of estima}tion gf Sparse MIMO OFDM Channel Estimation
multiple-antenna (MIMO) channels that have sparse impulse
responses. For the sake of this exposition, we limit oueselv _ X
to sparse MIMO orthogonal frequency division multiplexin%eSt that MIMO OFDM channels encountered in practice tend
(OFDM) channels and devise quantitative error bounds for C§ €xhibit impulse responses dominated by a relatively smal

based channel estimation schemes by leveraging the regult8Umber of dominant taps [19], [20]. Traditional MIMO OFDM
Theorem 1 for structurally-subsampled unitary matrices.  channel estimation methods—typically comprising of linear
reconstruction techniques (such as the maximum likelihood

A. Problem Setup or the minimum mean squared error estimators), however,

Consider a MIMO OFDM channeH corresponding to a lead to overutilization of the key resources of energy and
transmitter with N, antennas, a receiver witNy antennas, bandwidth ig suctsparse channelsTo see this, define row
and an L-tap (discrete) impulse response. For simplicityectors{y, f yILAE}SM and note from (29) and (30) that

we assume uniform linear arrays of antennas and consider L1
signaling over this channel using OFDM symbols of duration E . — _jom L
gna’ing g y D=3 KA Y H (e 2rn L T (31)
=0

Physical arguments and growing experimental evidence sug-

T and (two-sided) bandwidthV, thereby giving rise to a

temporal signal spacef dimensionN, “rw. Finally, as
is customary in the wireless literature [16], [17], we assunwhere entries of the noise vectofg| def z, Ay} are still
that the number of taps in the channel impulse respohse, (mutually) independently distributed a&\(0,1) due to the
is much smaller than the number of OFDM subcarrié¥s,  unitary nature ofA%,. Next, lety,(i),i = 1,..., Ng, denote
One of the most popular and widely used approaches tie i-th entry of y!. Then it can be shown using (31) and
estimating a MIMO channel is to probe it with known signalbasic matrix identities involving Kronecker products tfiks]
ing waveforms (referred to as training signals) and process
the corresponding channel output to estimate the channel yn (i) = /iil—b(u;@A;‘)hv,i‘F'zn(i) (32)
parameters. In the case of a MIMO OFDM channel, #ge- Nr
dimensional (baseband) training signal can be expressed aghere @ denotes the Kronecker produdi,, ; is an Ny L-
z o dimensional column vector obtained by concatenating the
xer(t) =\ o D Xagt)e L 0<t<T  (28) vectors{h,,(¢)}, u] < [emd0wnne . emi(Lm W]

T nese is the collection of L samples of a discrete sinusoid with
where& denotes the total transmit energy budget for trainingequencyw,, v, def 2m 4=, and z,, (i) denotes the-th entry
purposesg(t) is a prototype pulse having unit enerdy, C  of the noise vector . ’

s {0,...,N,—1} is the set of indices gfilot subcarriers It is now easy to see from (31) and (32) that stacking the
used for training, and{x, € C"7} is the (vector-valued) rows vectors{yl}st’_ into an|S;,.| x Np matrix Y yields the

training sequence having enerdys |[x,3 = Nr. standard linear observation model
At the receiver, the noisy received training siggal(t) = g
H (x4 (t)) + z4-(t) is matched filtered with the OFDM basis Y =4/ - XH, +Z (33)
waveforms{g(t)e’*" %'} . to yield [16], [17] T
2 whereH, "</ [hy1 ... hyn,]isthe unknownN,Lx Ng
Vn =4/ —H,X, +Z,, n €Sy (29) channel matrix, whileX is an |S;.| x NyL matrix com-

N prising of {x] (u], ® A%) :n € Sy} as its rows. In order to
where {Zn} are Ni-dimensional complex additive noiseestimate MIMO OFDM channels, traditional methods relying
vectors that are independently distributedCag (0x,,,Iy,), OnN linear reconstruction techniques (such as those in [21],
while {Hn} are Np x Ny matrices that are termed &@~DM [22]) therefore (i) require that the number of pilot sub@s
channel coefficientsFinally, the OFDM channel coefficients|S;,| = Q(NrL) so as to ensure tha has full column rank,

{H,} are related to the impulse response?¢fby [18] and (ii) produce an estimald, of the channel matritl, that
1 satisfiesE[|H, — H,||%] = Q(NgN2/E).
H, ~ Z ARHI(K)AZLe’jQ”NLo”, nes, (30) In contrast, we now propose a CS-based approach to es-

timation of sparse MIMO OFDM channels that is based on
the results of Theorem 1 for structurally-subsampled wyita
whereH,, (¢) def [hv,l(ﬁ) oo hy g (é)] is an Ny x Nr  matrices. The proposed approach uses a nonlinear reconstru
matrix in which thei-th column,h, ;(¢), corresponds to the tion algorithm, known as the Dantzig selector (DS) [23], at
¢-th tap of the (vector) impulse response from the transnihie receiver and achieves a target reconstruction erroigusi
array to thei-th receive antenna, whilA ; and A, are Ny x far less energy and bandwidth than that dictated by the

£=0



traditional methods based on linear reconstruction teghes. subcarriersN,,. > (2¢1/c;)dlog® N,. Here, the constants
Before proceeding further, however, it is instructive tatst c;,c, are the same as in Theorem 1, while the constant
the reconstruction error performance of the DS. The folfmwi co = 41/2(1 + a)/(1 — 3d5).
theorem is a slight variation on [23, Theorem 1.1]. This theorem, which is proved in [15, Theorem 4.14] using
Theorem 3 (The Dantzig Selector [23])let v = AG +n the results of Theorem 1 and Theorem 3, essentially states
be ann x 1 vector of observations of any deterministic buthat the proposed CS-based MIMO OFDM channel estimator
unknown signal3 € C?, where the entries off are indepen- can potentially reduce both the number of pilots subcarier
dently distributed a€ \V'(0, 0%). Assume that the columns ofneeded for channel estimation and the error in the resulting
A have unitéo-norms and further leA € RIP(2S,0.3) for estimate by a factor of abo@(NgNrL/d) when used as an

some integelS > 1. Choosel = /202(1 + a) log p for any alternative to existing methods for estimating sparse MIMO
a > 0. Then the vectoB®® obtained as the solution of OFDM channels.
B°° = argmin B[l subjectto A" — AB)[l <A IV. DISCUSSION
Becr

In this paper, we have introduced a new class of com-

satisfies pressive sensing matrices—which we term as structurally-
18°° — B3 < c2-Sa?-logp (34) subsampled unitary matrices—that can be thought of as a
B generalization of subsampled unitary matrices. In padicu
with probability exceedingl — 2( 7(1+a) 1ng.pa) . we have investigated the restricted isometry property of a
def specific form of structurally-subsampled unitary matrices
Here, the constanty = 4./2(1 4 a)/(1 — 3d2s). the paper that arise naturally in the estimation of multiple

We are now ready to state the training structure and thgienna orthogonal frequency division multiplexing ctedan
associated reconstruction algorithm of our proposed @$m 5,4 gyccessfully established in Theorem 1 that these matri-
scheme ford-sparse MIMO OFDM channels. . ces performnearly as well as subsampled unitary matrices.

Training: PlckStT_—th.e set of indices of.pllot subcarners—speciﬁca"y, Theorem 1 for structurally-subsampled ugita
to be a set ofN;, indices sampled uniformly at randomyatrices differs from [6, Theorem 3.3] for subsampled uita
(without replacement) from the s& = {0,..., N, — 1}. matrices by only a factor ofog p. Note that this difference
Further, define the corr_espond!ng sequence of trainingorect;q primarily a consequence of the fact that the maximum
{im.” € Si} associated withx,,(t) to be a sequence magnitude of the entries in a subsampled unitary matrix is
pf i.i.d. Rademacher random vectors in which each e“thviaIIy given by py/+/n, whereas we could only bound
g]riigiri]lgth/lg ;ZIZ?]S the valuel/v/Ni, of —1/v/Niw With  the maximum magnitude of the entries in the structurally-

: subsampled unitary matrices of Theorem 1;ky+/logp/n.

Reconstruction: Pick A = \/_25(1 +a)(log NpNr L) /N Howeve?, it remainﬁ to be seen whether thislt?: a fugn%/amental
for some fixeda > 0. Next, define characteristic of structurally-subsampled unitary neasi or
h2S, = arg min Hh||1 subject to ju_st an ar_tifact of_ the proof techn_ique_employe_d in Lemma 4.

heCNrL It is also instructive to note at this point that since theuhss

for structurally-subsampled unitary matrices should ciia
1/]Viycf'(m— ;Xh)H <\ i=1,...,Np Y b Y
T T 50

with those for subsampled unitary matrices for the case of a
N . ) diagonal row-mixing matrixR, it is heuristically plausible to
wherey; € C™ denotes the-th column of the matriXY.  conjecture that the performance of the structurally-soipsed

The CS estimate oH, is then simply given as follows unitary matrices of Theorem 1 should deviate from that of
HOS = [h%5 ... hoS, ]. (35) Subsampled unitary matrices by a factor that is a function of

’ o k (instead ofp). Such a conclusion, however, does not follow

Theorem 4:Let H be ad-sparse MIMO OFDM channel in from the results established in this paper.
the sense that its impulse response satisfies Finally, we conclude this paper with a brief discussion of
Ng L-1 the connections between the results of this paper and some

4% Z Z |hy.i(6)]|, < NrNrL. (36) existing works. As noted earlier, the work in Section Il is

i=1 =0 closely related in terms of the general proof technique & th

e work of Romberg [13] and Tropp et al. [11] in general, and

Rudelson and Vershynin [6] in particular. This is primardy

Defined = max; d; and suppose tha¥,,d > 2. Then for any consequence of the fact that the arguments used by Rudelson

dsq € (0,0.3], the CS estimate dH, satisfies and Vershynin in [6] are substantially simpler (and tighter
than, for instance, the ones used in [5] to establish the RIP o

log NeNrL  (37) subsampled matrices.

] N ] In terms of the actual problem, however, our work in

with probability exceeding —4max { (7(1+a)log NeNTL:  hig paper is most closely related to the recent work of

(NRNTL)Q’I)*W, 10NJ§§3}, provided the number of pilot Tropp et al. [11], where they propose a sub-Nyquist sampling

d- Nr

L



architecture—termedandom demodulaterto acquire sparse whered;; is the Kronecker delta an@) follows from the fact

bandlimited signals. In particular, it is shown in [11] thhe

thatU is a unitary matrix. This completes the proof since (42)

overall action of the random demodulator on a sparse bandlirmplies thatE[G] = I, = E[AHA] = I,, from (38).

ited signal can be accurately described in terms of a sensing
matrix, which the authors term as random demodulator
matrix. However, it is easy to see from [11, Section IV-B] that[!]
a random demodulator matrix is just a structurally-subdathp 2]
unitary matrix of the form described in Theorem 1 wih
being a Fourier matrix and = p/n (in other words, no
subsampling). In this regard, our work in this paper can alsB!
be thought of a generalization of the RIP analysis of a random
demodulator matrix carried out in [11]. Based on the praugdi
discussion, it is perhaps best to think of the structurallyy
subsampled unitary matrices of Theorem 1 as filling the void
between the two extremes of subsampled unitary matrices
(maximum subsampling) and random demodulator matricd®
(no subsampling) through the choice of the design parameter
k (with k ranging from1 to p/n). (7]

APPENDIX
PROOF OFLEMMA 1

Let al! € CP denote thei-th row of A. Then A" A can be
written as a sum of rank-one matrices as follows
[€2] p

A"A =) aal > (ol
i=1 =1

= E[A"A] =E[®"®]

(8]

[0
_m

n [10]

(38)

where¢"! denotes the-th row of . Next, from the definition [11]
of ®, we can write an expression fgt! in terms of elements
of the generating sequencg, and the rows ofU as follows
k
¢)|: = Za(i_l)k+g u'a-fl)kJre 5 7 = 1, .
{=1
whereu! denotes the-th row of U. With the help of (39),
we can further write théi, j)-th entry of ® as
k
Gij = Z A= 1)kl W(i—1) k4,
{=1
wherew; ; is the(z, j)-th entry of U. We then have from (40)
k

(12]

(39) [13]

,m
(14]

(18]

(40) [16]
[17]
[18]

Ela(i-1)k+q @(i-1)ksr] X

B¢ ¢ij] =D

qg=1r=1
k [19]
Ua—l)k+q,j U(i—1)k+r,j = Z uzki—l)k+q,j U(i—1)k+q,5- (41)
=1 [20]
Finally, define the Gram matric </ ®"®. Then we have
from (41) that the expected value of thg j)-th entry of G, [21]
Gij = 2pey ¥} 004, IS given by
m m k (22]
Elgij) = > El7iei] = > D> Ul 1ykrai hie—1)kta,
=1 =1 q=1 [23]
- (a)
= Zuz,iuz,j =0y, ,j=1,...,p (42)
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