ECE 901
Lecture 14: Maximum Likelihood Estimation and Complexity
Regularization

R. Nowak
5/17/2009

1 Review : Maximum Likelihood Estimation

We have n i.i.d observations drawn from an unknown distribution

Vi " pee L i={1,...,n}

where 6* € ©. We can view pg- as a member of a parametric class of distributions, P = {ps}gco. Our goal
is to use the observations {Y;} to select an appropriate distribution (e.g., model) from P. We would like the
selected distribution to be close to pj in some sense.

We use the negative log-likelihood loss function, defined as 1(60,Y;) = —logpe(Y;). The empirical risk
is

. 1 <&
Ry (0) = _ﬁZIOgPO(Yi)'
i=1

We select the distribution that minimizes the empirical risk

in— > logp(¥)) = min— " logps(V;
min ;ogp() min Z;nge( )

In other words, the distribution we select is p := P4, where

On = argmin  — ;logpe(Yi)
The risk is defined as
R(0) = El(6,Y)] = —E[log ps(Y)].
As shown before, §* minimizes R(6) over O.

0" = argmin  —Ellogpy(Y)]

= argmin - / log po(y) - po~(y) dy.

Finally, the excess risk of 6 is defined as

R(6) — R(0") = / log if;g)) po- () dy = K (po. po-) .



We seen that the excess risk corresponding to this loss function is simply the Kullback-Leibler (KL) Divergence
or Relative Entropy, denoted by K (pe,,pe,). It is easy to see that K (pg,,py,) is always non-negative and is
zero if and only if pg, = py,. KL divergence measures how different two probability distributions are and
therefore is natural to measure convergence of the maximum likelihood procedures. However, K (pqg,, ps,)
is not a distance metric because it is not symmetric and does not satisfy the triangle inequality. For this
reason, two other quantities play a key role in the analysis of maximum likelihood estimation, namely
Hellinger Distance and Affinity.
The Hellinger distance is defined as

1
2

Honon) = ( [ (Voo -~ Vion ) @)

We proved that the squared Hellinger distance lower bounds the KL divergence:

H2(p917p92) < K(p91ap92)
H2(p91ap02) < K(pgzapel) .

The affinity is defined as

A(pe,,po,) = / V' pe, (¥)pe, (y) dy .

we also proved that
Hz(p017p92) < 7210g (A(p01,p92)) .
2

Example 1 (Gaussian Distribution). Y is Gaussian with mean 0 and variance o*.

1 _w-0)?

pG (y) = W@ 202

First, look at
log 222 = _L_[(62 — 62) — 2(61 — 6)y]
pel 20_2 1 2

Then,

Do
K(po,,ps,) = Eo, [10g 2}
Do,

03 — 03 2061 —0)

T T2 202 /y'p%(y)dy
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E[Y]=0,

(67 — 62)
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1 _(w—0y)? 1/2 1 _ (y—05)? 1/2
—2log A(pe,,ps,) = —2log /<W6 207 ) ( —C ) dy
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~ 9log (/ 1 _=op? w=op) dy
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= L2 K > [2 .
102 5 K (por,po,) = H(po, pe.)
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2 Maximum likelihood estimation and Complexity regularization
Suppose that we have n i.i.d training samples, {X;, Y;}7 S PXY -
Using conditional probability, pxy can be written as

pXY(ﬂ%y) = px(x) 'pY|X:m(y) .
Let’s assume for the moment that px is completely unknown, but py|x—,(y) has a special form:
Py|x=2(y) = P+ () (y)

where py|x—(y) is a known parametric density function with parameter f*(z).

Example 2 (Signal-plus-noise observation model).
where W; “K" N(0,0?%) and X; .

1 _(y—f*@)?
2

Dy (z) (y) = /727_‘_0_26 20

Y|X = a ~ Poisson(f*(z))

pf*(z)(y) =€ I (=) 7y' .
The likelihood loss function is

l(f(l’),y) = 710g pXY(XaY)
—log px(X) —log pyx (Y]X)
—log px(X) —log psx)(Y).

The expected loss is

El(f(X),Y)] = E[E[L(f(X),Y)[X]]
= E[E[-log px(X) —log psx)(Y)|X]]
= —E[log px(X)] — E[E[log pyx)(Y)|X]]
= —Ellog px(X)] = Ellog pyx)(Y)].
Notice that the first term is a constant with respect to f. With that in mind we define our risk to be

R(f) = —E[log psx)(Y)]
—E[Ellog pyex) (V) X]]

= 7/ </log D)) - Pre @) (Y) dy) px(z)dx.

The function f* minimizes this risk since f(z) = f*(z) minimizes the integrand.
Our empirical risk is the negative log-likelihood of the training samples:

n

1
~> —log prexy (Vi)

i=1

Rn(f)

We can regard the value % as the empirical probability of observing X = X; (since we are making no
assumptions on Py).



3 Deterministic Designs

Often in function estimation, we have control over where we sample. For illustration let’s assume that
X =10,1] and Y = R. Suppose we have the samples deterministically distributed somewhat uniformly over
the domain X. Let x;, i = 1,...,n denote these sample points, and assume that Y; ~ ps«(4,)(y). Then, our

empirical risk is
n

Ruf) = - S 110, ¥ = = 3 ~Tog pyey (V)
i=1

i=1
Note that z; is now a deterministic quantity (hence the name deterministic design). Our risk is
1 n

— Z E [log pyz,)(Yi)]

i=1

R(f)

1 n
- 752 [/ 10g pf(ai) (i) - Dfe (i) (4i) dys
i=1

The risk is minimized by f*. However, f* is not a unique minimizer. Any f that agrees with f* at the point
x; also minimizes this risk.

Now, we will make use of the following vector and shorthand notation. The uppercase Y denotes a
random variable, while the lowercase y and x denote deterministic quantities.

Y U1 Mo
Y, Y2 T
Y = . y = . xr = .

Then,
ps(Y) =1L, p(Yilf(2:))  (random)

pr(y) =117y p (vl f(z:i)) (deterministic).

With this notation, the empirical risk and the true risk can be written as

Ralf) = — logpy(Y).
R() = - Bllogps(¥)

= —%/logpf(y)mf*(y)dy.

4 Constructing Error Bounds

Suppose that we have a pool of candidate functions F, and we want to select a function f from F using the
training data. Our usual approach is to show that the distribution of En( f) concentrates about its mean
as n grows. First, we assign a complexity ¢(f) > 0 to each f € F so that 3.27°(f) < 1. Then, apply the
union bound to get a uniform concentration inequality holding for all models in F. Finally, we use this
concentration inequality to bound the expected risk of our selected model.

We will essentially accomplish the same result here, but avoid the need for explicit concentration inequal-
ities and instead make use of the information-theoretic bounds.



We would like to select an f € F so that the excess risk is small.
R(f) = R(f7)

1
= —Ellogps- (¥) ~ logpy (V)]

i o

1
= —-K x
- (pf,ps)

0

IN

where

K(ps.ps) =Y (/ log ~L 20 'pf*(m)(yi)dyi>

=1 Pf(x:) (yi)

K(Pg(o;)Pr*(z;))

is again the KL divergence.

Unfortunately, as mentioned before, K (ps,py+) is not a true distance. So instead we will focus on the
expected squared Hellinger distance as our measure of performance:

H?(ps.pse) = zn:/(\/pf(m)(yi) - \/pf*(m)(yi))2 dy;

5 Maximum Complexity-Regularized Likelihood Estimation

Theorem 1 (Li-Barron 2000, Kolaczyk-Nowak 2002). Let {x;,Y;}"_; be a random sample of training data,
where {z;} are deterministic and {Y;} are independent random variables, distributed as

for some unknown function f*. Suppose we have a collection of candidate functions
F C {measurable functions f: X — Y} ,

and complezities c¢(f) > 0, f € F, satisfying

Z 9—c(f) <1.

feF

Define the complexity-reqularized estimator

2¢(f) logQ} '

. ) 1 <
anarg;rg%{_nZ;Ingf(Yi)_F n

Then,

IN

28 [1og (Alpy, pr0)) |
2¢(f) log2} .

1
~F [HZ(pfnapf*)}

IN

1
1 _ *
mfelg{nK (g o) +

Before proving the theorem, let’s look at a very special and important case. We will use this results quite
a lot in the following lectures.



Example 3 (Gaussian noise). Suppose Y; = f(x;) +W; [ W; vrd N(0,02).

_ 1 wims@?
pf(mz)(yl) - \/We 2o

Using results from example 1, we have

i=1

n
S ~2log / VP @) Py (1) dys
=1

- X (- rw)"

—2log A (pfn (Y),pf*(Y))

Then,

—%E log A(pfn,pf*)} = 4012n ZE [(]En(xz) - f*(xz))2] .

We also have,

1
—K <) =
n (ps:ps-)

and —log pr(Y) =>"" W Combine everything together to get

F - o2c(f)1
fu= arg;rgg{i S (= ) + M;)g?} .

i=1

The theorem tells us that

or
n ~ n 2
Y| (At - @) | < iy {i S () - fo@) + W“"g?} .
i=1 =1
We will now prove Theorem 1.

Proof:

H? (pj, o) = /(\/pfn(y)_\/pf*(y))Qdy
< —210g< \/mdy>_

affinity=A(;, .ps+)

Notice that A(p fn’pf*) is a random quantity (it dependents of the training set through fn.
Keeping that in mind the above result tells us that

1
o <A<pf;,pf*>>] |

E[H2 (pfn,pf*)} <9E




Now, define the theoretical analog of fn:

1
n — i - ) *
I argrfrélg{ K (pf by )

n

2(f) log2} |

Now rewrite the definition of f,.

fn =

Since fn is the function f € F that maximizes

Then can write

o[ (.00

Now, simply multiply the argument inside the log by i ;

IN

B 1 ()

arg min {—i logps(Y) + WnIOgQ}
arg max { % (logpyr(Y) —2¢(f)log2) }
arg max { % (log ps(Y) — 2¢(f) log 2)}
e o (12

max y).27c 1
arg feaf { pr(Y) }
pr(Y) - 2-¢(f) we conclude that

pj, (V)2
B —
py, (Y)27¢Un)

Y
t\ 4k o)

pfn (Y)Q_c(fn) 1
pr, (Y)27ctn) A(ps pse)

2F

IN

IN

2F |log

«(Y)
«(Y)

to get

log Vo (Y) \/W 9—c(fa) .

Vi, (V) \/pg-(Y) 27U Alps ps+)

£ (35 et

P, (Y)  g—c(f)
rr-(Y) Alp; . pse)
K (pg,,ps+) + 2¢(fn)log 2

P, (Y)  g—c(f)

Vrr-(Y) Alp; . pse)

2F

+2F |log

+2FE |log

The terms K (py,,ps+) + 2¢(fn)log2 are precisely what we wanted for the upper bound of
the theorem. So, to finish the proof we only need to show that the last term is not-positive.



Applying Jensen’s inequality, we get

. ps (Y)
2k 11 pfn (Y) 27C(f'n)10g2 <91 I 27c(f ) Pf* (V) (1)
og : < Z2log R e
VoY) Alpg,pse) Alpj,,ps+)

. Note that in the above expression the random quantities are ¥ and fn Because fn e F
and we know something about this space we can use a union bound to get the randomness of
fn out of the way. In this case the union bound is simply saying that any individual term in
a summation of positive terms is smaller than the summationﬂ

] (Y)
pfn (Y) e_c(fn)IOgQ ppf* (Y)
2F |log . < 2log | F e—c(f)log2 s
VoY) Alpg, s fezf Alpy, -
pr(Y)
M

2log Z 2-¢(f)

fer A(pg,ps-

2log Z 2ef)

feF
< 0,

where the last steps of the proof follow from the fact that

ps(Y) / ps(y)
Bl =5 = =< pr-(y)dy = [ \/ps(y) - ps-(y) dy = A(py,ps-)
\ o (V) pr(y) P P
and
Z 9—c(f) <1.
feF
|
1Let 21, 22,... be non-negative. Then for all i € N z; < Z]Oil xj
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