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Abstract

Classification trees are one of the most popular types o$ifiles, with
ease of implementation and interpretation being among Higictive
features. Despite the widespread use of classificatios,tteeoretical
analysis of their performance is scarce. In this paper, wevghat a new
family of classification trees, called dyadic classificatioees (DCTSs),
are near optimal (in a minimax sense) for a very broad rangdasf
sification problems. This demonstrates that other schemgs fieural
networks, support vector machines) cannot perform sigmiflg better
than DCTs in many cases. We also show that this near optinnfdrpe
mance is attained with linear (in the number of training Ylatanplexity
growing and pruning algorithms. Moreover, the performantc®CTs
on benchmark datasets compares favorably to that of strCaRT,
which is generally more computationally intensive and whioes not
possess similar near optimality properties. Our analysi®is from the-
oretical results on structural risk minimization, on whtble pruning rule
for DCTs is based.

Introduction

Let (X,Y) € R? x {0,1} be a jointly distributed pair of random variables. In paiter
recognition, X is called an input vector, and contains the measurements dro experi-
ment. The values itX are referred to as features, attributes, or predict®rss called a
response variable, and is thought of as a class label assteigth X. A classifier is a
functiong : R? — {0, 1} that attempts to match an input vector with the approprikaigsc
The performance ap for a given distribution of the data is measured by the praitybf

L(¢) =P{p(X) #Y}.

The classifier with the smallest probability of error, datht*, is called the Bayes classi-

fier. The Bayes classifier is given by

sy 1 ifp(z)>1L
¢ () _{ 0 otherwise2 ’



wheren(z) = P{Y = 1|X = 2z} = E{Y|z} is the regression df on X. The probability
of error for the Bayes classifier is denotgtl

The true distribution on the data is generally unknown. Ichstcases, we may construct a
classifierg,, based on #raining datasetD,, = {(X1,Y1),..., (Xn,Y,)} of independent,
identically distributed samples. A procedure that cortdra classifier for ath is called a
discrimination rule The performance af,, = ¢, (z; D.,) is measured by

L, = L(¢n) = P{¢n(X§Dn) # Y|Dn}a
the conditional probability of error. Note that, is random, sincé,, is random.

In this paper, we examine a family of classifiers calligadic classification tree®CTSs),
built by recursive, dyadic partitioning of the input spadéhe appropriate tree from this
family is obtained by building an initial tree (in a data-epkndent fashion), followed by a
data-dependent pruning operation based on structurainiisknization (SRM). The prun-
ing strategy resembles that used by CART, except that thalfyesssigned to a subtree
is proportional to the square root of its size. We presentfcient algorithm for im-
plementing the pruning strategy, which leads taC§m) algorithm for DCT construction.
The pruning algorithm require®@(M log M) operations to prune an initial tree witf
terminal nodes, and is based on the familiar pruning algoriased by CART [1].

SRM penalized DCTs lead to a strongly consistent discritronaule for input dataX’ with
support in the unit cubf, 1]¢. We also derive bounds on the rate of convergence of DCTs
to the Bayes error. Under a modest regularity assumptiote(ims of the box-counting
dimension) on the underlying optimal Bayes decision bouyaee show that complexity-
regularized DCTs converge to the Bayes decision at a rate bf%*1), Moreover, the
minimax error rate for this class is at least'/?. This shows that dyadic classification trees
are near minimax-rate optimal, i.e., that no discrimiratiole can perform significantly
better in this minimax sense. Finally, we compare DCTs wibART-like tree classifier

on four common datasets.

2 Dyadic Classification Trees

Throughout this work we assume that the input data is résttito the unit hypercube,
[0,1]%. This is a realistic assumption for real-world data, preddppropriate translation
and scaling is applied. Lé® = {R;,..., R} be a tree-structured partition of the input
space, where eadR; is a hyperrectangle with sides parallel to the coordinagsagiven
an integetrt, let [/]4 denote the element dfl, ... ., d} that is congruent téd modulod. If

R, € Pisacellatdepth in the tree, Ie]Rz(l) anngz) be the rectangles formed by splitting

R; at its midpoint along coordinafg + 1]4. As a convention, assun}égl) contains those
points of R; that are less than or equal to the midpoint along the dimerising split.

Definition 1 A sequential dyadic partitio(SDP) is any partition of0,1]¢ that can be
obtained by applying the following rules recursively:

1. The trivial partition? = {[0, 1]} is an SDP,
2. fP={Ry,...,R:}isan SDP, then so is
{Ri,...,Ri_1,RY B® Riyy,..., R},
wherei may be any integet, < < k.

We define alyadic classification tre@CT) to be a sequential dyadic partition with a class
label (O or 1) assigned to each node in the tree.



The partitions are sequential because children must hieadplig the next coordinate after
the coordinate where their parent was split. Such splitsefezred to aforcedsplits, as
opposed tdree splits, in which any coordinate may be split. The partitiams dyadic
because we only allow midpoint splits.

By acompleteDCT of depthL, we mean a DCT such that every possible split up to dépth
has been made. In a complete DCT, every terminal node haswe@iu”. If L is a multiple
of d, then the terminal nodes of a complete DCT are hypercubedelbsgth2 —L/4,

3 SRM for DCTs

Structural risk minimization (SRM) is an inductive print@dor selecting a classifier from
a sequence of sets of classifiers based on complexity régatian. It was introduced by
Vapnik and Chervonenkis (see [2]), and later analyzed byokugnd Zeger [3], [4, Ch.
18]. We formulate structural risk minimization for dyadiassification trees by applying
results from [4, Ch. 18].

SRM is formulated in terms of the VC dimension, which we byiefview. LetC be a
collection of classifiersp) : R? — {0,1}, and letz,...,z, € R% If each of the2
possible labellings ot4, ..., z, can be correctly classified by somee C, we sayC
shattersz, . . ., z,. TheVapnik-Chervonenkis dimensi¢ar VC dimension) o, denoted
by V, is the largest integet for which there exist1, ..., z, € R? such tha shatters
21, .., 2n. If C shatters some points for everyn, thenV = oo by definition. The VC
dimension is a measure of the capacityCofAs V' increases( is able to separate more
complex patterns.

If m = 27 for some integed > 0, we saym is dyadic For dyadien, and forl < k < m¢,

let D) denote the collection of all DCTs with terminal nodes and depth not exceeding
d.J, so that no terminal node has a side of length less thian= 2~7. Itis easily shown

that the VC dimension OD,(,'f) is k [5].
Given a dyadic integemn, and training datd(X;, Y;)}7_,, fork = 1,2,...,m9, define

o) = argmin L,(¢),
’ D)

where .
Lalg) = 5 D TH(X0) £ 1)

is the empirical risk of. Thus,cpgfzn is selected by empirical risk minimization ovBtY .

Define the penalty term
Ak,m) = |/ 22RIBLR), @

and for¢g € D,‘,’f), define the penalized risk

~

En(‘ﬁ) = Ln(¢) + A(k,n).
The SRM principle selects the classifig ,,, from amongq&gfzn,k =1,2,...,m? that

minimizes L, ( g“ln) We refer tog;, . as apenalizedor complexity-regularized dyadic
classification treeWe have the following risk bound.

Theorem 1 For all n andk < m¢, and for alle > 4A(k,n),

P{L(¢:,)— inf L(¢) >ep <e /128 4 gpke ne/512,
’ $eDF)



and in particular, for alln andm,

klogn + 4
E[L(¢;, —L*< i 164/ —— inf L(¢) — L* .
[L{énm)] - L7 < min ( 6/ —>,—+ <¢elr11)w () ))

Sketch of proof:Apply Theorem 18.3 in [4] witlc® = D andV;, = k for k =
1,2,...,mo O

The first term on the right-hand side of the second bound ipaenbound on the expected
estimation error. The second term is the approximatiorre&wen though the penalized
DCT does not know the value @f that optimally balances the two terms, it performs as
though it does, because of the “min” in the expression. Nfgjadives similar results for
classifiers based on initial trees that depend on the data.

The next result demonstrates strong consistency for thaliged DCT, where strong con-
sistency meang,, — L* with probabilty one.

Theorem 2 Suppose, m — oo, withm = m(n) assuming only dyadic integer values. If
m? = o(n/logn), then the penalized dyadic classification tree is stronglyststent for
all distributions supported on the unit hypercube.

Sketch of proof:The proof follows from the first part of Theorem 1 and strongversal
consistency of the regular histogram classifier. See [5{i&bails. O

4 Rates of Convergence

In this section, we investigate bounds on the rate of comrerg of complexity-regularized
DCTs. First we obtain upper bounds on the rate of convergtrca particular class of
distributions on(X,Y"). We then state a minimax lower bound on the rate of convemgec
of any data based classifier for this class.

Most rate of convergence studies in pattern recognitioogaeconstraint on the regression
functionn(z) = P{Y = 1|X = z} by requiring it to belong to a certain smoothness class
(e.g. Lipschitz, Besov, bounded variation). In contrasg tlass we study is defined in
terms of the regularity of the Bayes decision boundary, tehB. We allown(z) to be
arbitrarily irregular away fronB, so long as it is well behaved nedr The Bayes decision
boundary is informally defined @ = {z : n(z) = 1/2}. A more rigorous definition
should take into account the fact thamight not take on the valuk/2 [5].

We now define a class of distributions. L&, Y") denote a random pair, as before, where
X takes on values if0, 1)%.

Definition 2 LetCy, Csy > 0. DefineF(Cy, Cs) to be the collection of all distributions on
(X,Y) such that for all dyadic integens:, if we subdivide the unit cube into cubes of side
lengthl/m,

Al (Bounded marginal)For any such cubel intersecting the Bayes decision boundary,
P{X € A} < Ci1A(4) = C;/m?, where) denotes the Lebesgue measure.

A2 (Regularity): The Bayes decision boundary passes through at figst?—! of the
resultingm? cubes.

DefineF to be the class of allX, Y") belonging taF(C1, C>) for someC, Co.

The first condition holds, for example, if the density &f is essentially bounded with
respect to the Lebesgue measure, with essential supresndmm The second condition



can be shown to hold when one coordinate of the Bayes dedisiondary is a Lipschitz
function of the others.

The regularity condition A2 is closely related to the notafrbox-counting dimension of
the Bayes decision boundary [7]. Roughly speaking, A2 himidsomeCs if and only if the
Bayes decision boundary has box-counting dimengienl. The box-counting dimension
is an upper bound on the Hausdorff dimension, and the twornbioas are equal for most
“reasonable” sets. For examplegifis a smoottk-dimensional submanifold @&¢, theng
has box-counting dimensidn

4.1 Upper Bounds on DCT Rate of Convergence

Theorem 3 Assume the distribution dfX,Y") belongs toF(C1,C2). Let}, ,, be the

penalized dyadic classification tree, as described in 88@i Ifm ~ (n/logn)/(@+1),
then there exists a constafit > 0 such that for alln > 2,

E[L(¢}, )] — L* < C3(logn/n)'/(4+1),

When we writem ~ (n/logn)'/(#+1), we mearlog, m = [log,((n/logn)"/ (1) +
Co|, whereCy € R is arbitrary.

Sketch of proof:lt can be shown that for each dyadlic; there exists a pruned DG with
k = O(m?-1) leaf nodes, such thdt(¢) — L* < C;C2/m. Plugging this into the risk
bound in Theorem 1 and minimizing over produces the desired result [5]. O

The minimal value ot’; in the above theorem tends26', Cy asd — oo. Note that similar
rate of convergence results for data-grown trees would be whifficult to establish, since
the approximation error is random in those cases.

It is possible to eliminate the log factor in the upper bougchteans of Alexander’s in-
equality, as discussed in [4, Ch. 12]. This leads to a mudietavalue ofCs, but an
improved asymptotic rate.

To illustrate the significance of Theorem 3, consider a peedlhistogram classifer, with
bin width determined adaptively by structural risk miniatibn, as described in [4, Prob-
lem 18.6]. For that rule, the best exponent on the rate of emance for our class is
1/(d + 2), compared withl /(d + 1) for our rule. Intuitively, this is because the adaptive
resolution of dyadic classification trees enables them ¢to$mn thed — 1 dimensional
decision boundary, rather than ttielimensional regression function.

In the event that the dat¥ occupies al’ < d dimensional subset 46, 1]¢, the proof of
Theorem 3 follows through as before, but with an exponent &f1 instead ofl+ 1. Thus,
the penalized DCT is able to automatically adapt to the dsimerality of the input data.

4.2 Minimax Lower Bound

The next result demonstrates that complexity-regulafiX€dis nearly achieve the minim-
imax rate for our class of distributions.

Theorem 4 Let §,, denote any discrimination rule based on training data. Ehexists a
constantC' > 0 such that fom sufficiently large,

iglf sup E[L(3,)] - L* > Cn~'/%
n F

Sketch of proof:This result follows from Theorem 2 in [8] (with = x = 1 therein). The
proof of that result is in turn based on Assouad’s lemma. O



Theorems 3 and 4, together with the above remark on Alexanhequality, show that
complexity-regularized DCTs are close to minimax-ratéropt (within a small factor of
n1/(4(d+1) for the classF. We suspect that the class studied by Tsybakov [8], usedrin ou
minimax proof, is more restrictive than our class. Therefdrmay be that the exponent
1/d in the above theorem can be decreasetl/t@ + 1), in which case we achieve the
minimax rate.

Although bounds on the minimax rate of convergence in pattecognition have been in-
vestigated in previous work [9,10], the focus has been otipdgregularity assumptions on
the regression function(x) = P{Y = 1|X = z}. Yang demonstrates that in such cases,
for many common function spaces (e.g. Lipschitz, Besovnded variation), classification

is not easier than regression function estimation [10]sTeintrasts with the conventional
wisdom that, in general, classificatitmeasier than regression function estimation [4, Ch.
6]. Our approach is to study minimax rates for distributidefined in terms of the regu-
larity of the Bayes decision boundary. With this framewavk, see that minimax rates for
classification can be orders of magnitude faster than fonasbn ofy(z), sincen(z) may

be arbitrarily irregular away from the decision boundanydistributions in our class. This
view of minimax classification has also been adopted by Mamamal Tsybakov [8, 11].
Our contribution with respect to their work is an implemda¢adiscrimination rule, with
guaranteed computational complexity, that nearly aclsigive minimax lower bounds.

5 An Efficient Pruning Algorithm

In this section we describe an algorithm to compute the [EethIDCT efficiently. We
switch notation, using” to denote an arbitrary classification tree T¥fis a subtree of”
that inherits the class labels 6f we writeT’ < T'. Fora € R, define

Ti(a) = argmin L, (T") + a|T"],
T'<T

and

Ty(a) = arg min L,(T") + a/|T],
T'<T

where|T’| denotes the number of leaf nodesIdf We are interested in computifig ()
whenT is a complete dyadic tree, and= /32 log(en)/n.

Breiman, et.al. [1] showed the existence of weight® = ag < a1 < --- < ay = o©
and subtreeg” > S; > .- > Sy = {root} such thatTi(a) = S; whenever
a € [a;_1, ;). Moreover, the weights; and subtrees; may be found irD(|T'|log |T|)
operations [12,13]. A similar result holds for the squasetmpenalty, and the trees pro-
duced are a subset of the trees produced by the additivetp§sial

Theorem 5 For eacha, there exista' such thatls(a) = T1 (o).

Therefore, pruning” with the square-root penalty always produces one of the feeWe
may then determine the subtr&é < T minimizing the penalized risk,,(T") + a+/|T"|

by minimizing this quantity ovelS;,i = 1,..., M. Thus, square-root pruning can be
performed inO(|T'| log |T'|) operations.

In the context of constructing a penalized DCT, we start withinitial tree7" that is a
complete DCT. For the classifiers in Theorems 2 and 3, thimintree has siz¢T| =
m? = o(n/logn), and so pruning requirg3(n) operations. Since the growing procedure
also require$)(n) operations, the overall construction(%n).



Table 1: Comparison of a greedy tree growing procedure, mitklel selection based on
holdout error estimate, and two DCT based methods. Numbergrsare test errors.

CART-HOLD | DCT-HOLD | DCT-SRM
Pima Indian Diabetes 26.8% 27.2% 33.0%
Wisconsin Breast Cancdr 4.7 % 6.4 % 6.3%
lonosphere 12.88 % 18.6 % 18.8%
Waveform 19.8% 29.1% 31.0%

6 Experimental Comparison

To gain a rough idea of the usefulness of dyadic classifioatees in practice, we com-
pared two DCT based classifiers with a greedy tree growinggghare, similar to that used
by CART [1] or C4.5 [14], where each successive split is chdsemaximize an informa-

tion gain defined in terms of an impurity function. We consadefour two-class datasets,
available on the web atttp://www.ics.uci.edutmlearn/MLRepository.html. For each
dataset, we randomly split the data into two halves to foaiming and testing datasets.

For the greedy growing scheme, we used half of the trainitg tdegrow the tree, and con-
structed every possible pruning of the initial tree with dditive penalty. The best pruned
tree was chosen to minimize the holdout error on the resteofriining data. We call this

classifier CART-HOLD. The second classifier, DCT-HOLD, wasstructed in a similar

manner, except that the initial tree was a complete DCT, #maf ¢he training data was

used for computing the holdout error estimate. Finally, mplemented the complexity-
regularized DCT, denoted DCT-SRM, with square-root pgrddtermined by Equation 1.
Table 1 shows the misclassification rate for each algorithreach dataset.

From these expirements, we might conclude two things: (§ gteedily-grown partition

outperforms the dyadic partition; and (ii) Much of the desancy between CART-HOLD
and DCT-SRM comes from the partitioning, and not from the elagklection method
(holdout versus SRM). Indeed, DCT-SRM beats or nearly eqD&T-HOLD on three of

the four datasets. Conclusion (i) may be premature, for shiswn in [4, Ch. 20] that
greedy partitioning based on impurity functions can perf@rbitrarily poorly for some

distributions, while this is never the case for complexigularized DCTs. In light of (ii),

it may be possible to apply Nobel’s pruning rules for datavgr trees [6], which can now
be implemented with our algorithm, to equal or surpass thitopaance of CART, while

avoiding the heuristic and computationally expensive &fgidation technique usually
employed by CART to determine the appropriately pruned tree

7 Conclusion

Dyadic classification trees exhibit desirable theoretigedperties (finite sample risk

bounds, consistency, near minimax-rate optimality) amdlmatrained extremely rapidly.

The minimax result demonstrates that other discriminatides, such as neural networks
or support vector machines, cannot significantly outpenfDICTs (in this minimax sense).

This minimax result is asymptotic, and considers worseddistributions. From a practi-

cal standpoint, with finite samples and non-worst-caseilbligions, other rules may beat
DCTs, which our experiments on benchmark datasets confiha.séquential dyadic par-

titioning scheme is especially susceptible when many ofeéhéures are irrelevant, since
it must cycle through all features before splitting a featagain. Several modifications to
the current dyadic partitioning scheme may be envisionach sis free dyadic or median
splits.



Such modified tree induction strategies would still possesy of the desirable theoretical
properties of DCTs. Indeed, Nobel has derived risk boundiscamsistency results for
classification trees grown according to data [6]. Our squao¢ pruning algorithm now
provides a means of implementing his pruning schemes foipeoison with other model
selection techniques (e.g., holdout or cross-validatittmemains to be seen whether the
rate of convergence analysis presented here extends tamhis w

Further details on this work, including full proofs, may eeifd in [5].

Acknowledgments

This work was partially supported by the National Sciencarftation, grant no. MIP—
9701692, the Army Research Office, grant no. DAAD19-99-49)3and the Office of
Naval Research, grant no. NO0014-00-1-0390.

References

[1] L. Breiman, J. Friedman, R. Olshen, and C. Stor@assification and Regression
Trees Wadsworth, Belmont, CA, 1984.

[2] V. Vapnik, Estimation of Dependencies Based on Empirical Da&8aringer-Verlag,
New York, 1982.

[3] G. Lugosi and K. Zeger, “Concept learning using comgiexégularization,”IEEE
Transactions on Information Theqryol. 42, no. 1, pp. 48-54, 1996.

[4] L. Devroye, L. Gyorfi, and G. Lugosih Probabilistic Theory of Pattern Recognition
Springer, New York, 1996.

[5] C. Scott and R. Nowak, “Complexity-regularized dyadassification trees: Efficient
pruning and rates of convergence,” Tech. Rep. TREE020%, Bigversity, 2002.

[6] A. Nobel, “Analysis of a complexity based pruning schefoeclassification trees,”
to appear|lEEE Transactions on Information Theq3002.

[7] K. Falconer,Fractal Geometry: Mathematical Foundations and Applicag Wiley,
West Sussex, England, 1990.

[8] A. B. Tsybakov, “Optimal aggregation of classifiers iatistical learning,’preprint,
available at http://www.proba.jussieu.fr/mathdoc/pieps/, 2001.

[9] J. S. Marron, “Optimal rates of convergence to Bayes inskonparametric discrim-
ination,” Annals of Statisticsvol. 11, no. 4, pp. 1142-1155, 1983.

[10] V. Yang, “Minimax nonparametric classification—ParRates of convergencd EEE
Transactions on Information Theqgmyol. 45, no. 7, pp. 2271-2284, 1999.

[11] E. Mammen and A. B. Tsybakov, “Smooth discriminatiomlysis,” Annals of Statis-
tics, vol. 27, pp. 1808-1829, 1999.

[12] P. Chou, T. Lookabaugh, and R. Gray, “Optimal pruningwéapplications to tree-
structured source coding and modelinFEE Transactions on Information Theory
vol. 35, no. 2, pp. 299-315, 1989.

[13] B. Ripley, Pattern Recognition and Neural Network€ambridge University Press,
Cambridge, UK, 1996.

[14] R. Quinlan,C4.5: Programs for Machine Learnindlorgan Kaufmann, San Mateo,
1993.



