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Active Learning and Inductive Bias

Model Bias: Standard active learning 
algorithms perform no better than passive or 
might even converge to suboptimal solutions!
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Two Faces of Active Learning

(a) (b) (c)

+1
-1

label examples close to 
estimated decision boundary

find clusters in unlabeled 
data and label one 
representative from each

Dasgupta, Sanjoy. "Two faces of active learning." Theoretical computer science 412.19 (2011): 1767-1781.

Goal: Use nonparametric (or overparameterized) models to avoid bias and 
design active learning algorithms that exploit intrinsic structure in data



Hierarchical Clustering for Active Learning

Theorem: If it is possible to prune the cluster tree to m leaves that 
are fairly pure in the labels of their constituent points, then O(m) 
labeled examples suffice to accurately label the entire dataset

Dasgupta and Hsu. "Hierarchical sampling for active learning." ICML 2008

1. hierarchically cluster 
unlabeled data

2. Label examples to 
test homogeneity 
of each cluster



Combining Active and Semi-Supervised Learning

Propagate labels 
to rest of graph: 
e.g., nearest-
neighbors, graph-
Laplacian, etc

Zhu, Xiaojin, John Lafferty, and Zoubin Ghahramani. "Combining active learning and semi-supervised 
learning using gaussian fields and harmonic functions." ICML 2003 workshop. Vol. 3. 2003.

Using prior model 
based on graph-
Laplacian, select 
labels to minimize 
predicted risk 

Construct nearest neighbor graph of unlabeled dataset



Provably Correct Algorithm: Binary Search on Graph
basic idea:  

randomly select nodes for labeling UNTIL 
at least one is red and one is blue
then find all shortest paths between red and blue 
labeled nodes and bisect the shortest shortest path



Binary Search on Graph

propagate labels 
to rest of graph: 
e.g., nearest-
neighbors, graph-
Laplacian, etc

Dasarathy, Gautam, RN, and Xiaojin Zhu. Conference on Learning Theory. 2015.

Recursive application of shortest-shortest path bisection efficiently 
identifies cutset, partitioning graph into pure-labeled components

Theorem: If cutset consists of m edges, 
then O(m) labeled examples suffice to 
accurately label the entire dataset



Active Learning with Kernels and Neural Nets

Active learning based on nearest neighbor graphs and 
clustering can be effective, but require two separate steps 

1. build graph or partition on unlabeled dataset

2. exploit graph/cluster structure for active learning

Can we develop similar procedures that can be applied directly 
to popular classifiers like kernel methods and neural networks?
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Introduction to Neural Networks

1 Neural Networks

A multilayer neural network [1] is a mapping with the following form

y = WL f(WL�1 · · · f(W1x) · · · )) ,

where L is the number of layers, Wj is the weight matrix for layer j = 1, . . . , L, and f is a (sub)differentiable
“activation” function (e.g., ReLU or sigmoid) and for any vector v 2 Rk the nonlinearity is applied element-
wise f(v) = [f(v1) , f(v2) , . . . , f(vk)]T . In this note we will focus on the case where the output y is scalar
(e.g., binary classification), and so WL is a vector. Often a bias or offset is also included. For example, if
xj denotes the input to layer j, then the output can be written as xj+1 = f(Wjxj + bj), where bj is a
vector of the biases for each node in that layer. Equivalently, we can augment the vector xj with a 1 and add
a corresponding additional row equal to bj to the matrix Wj , and thus maintain the notationally compact
form above.

2 Kernel Machines are Two-Layer Networks

Recall the idea of a kernel machine, defined by a positive definite kernel k : Rd ⇥Rd ! R. Let {xi, yi}ni=1
be a set of training data and consider mappings of the form

y =
nX

i=1

↵i k(xi,x) .

Many kernels are expressed in terms of the inner product xT
i x or the norm kxi�xk2 = xT

i xi�2xT
i x+xTx.

In such cases we can interpret the kernel machine as a two-layer network in which the first layer weights
are W T

1 = [x1 . . . ,xn], the activation function f is defined by the kernel, and the output layer weight
vector is W2 = [↵1, . . . ,↵n]. In the case of kernels defined in terms of the norm kxi � xk2 the terms
bi := xT

i xi + xTx can be represented by the bias of that node.

3 Linear-in-Parameters Models vs. Nonlinear Parameterizations

Neural networks with nonlinear activation functions and kernel methods with nonlinear kernels both repre-
sent nonlinear mappings. However, there is one key distinction. In kernel machines, the input layer weights
are fixed to be the training example feature vectors {xi} and only the output layer weights are adjusted via
optimization to fit the model to the training labels {yi}. This sort of model is called a linear-in-parameters
model, and it leads to simple and well-understood optimization problems using convex loss functions (e.g.,
squared error, hinge, logistic). Neural networks are trained by adjusting the weights in all layers of the
network. Hence, neural network models are nonlinear in the parameters. This makes optimization more
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multilayer neural net

kernelized classifier



Inception net on CIFAR10

no bias

low varianceerror

training steps

Rethinking Conventional Wisdom

Zhang, Chiyuan, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. "Understanding 
deep learning requires rethinking generalization." arXiv preprint arXiv:1611.03530 (2016).

conventional wisdom

deep nets are trained to perfectly fit training data, yet still generalize well



Double-Descent

from Belkin, Mikhail, Daniel Hsu, Siyuan Ma, and Soumik Mandal. "Reconciling modern 
machine learning and the bias-variance trade-off." arXiv preprint arXiv:1812.11118 (2018).
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Figure 1: Curves for training risk (dashed line) and test risk (solid line). (a) The classical U-shaped risk curve

arising from the bias-variance trade-off. (b) The double descent risk curve, which incorporates the U-shaped
risk curve (i.e., the “classical” regime) together with the observed behavior from using high complexity
function classes (i.e., the “modern” interpolating regime), separated by the interpolation threshold. The
predictors to the right of the interpolation threshold have zero training risk.

Most classical analyses of ERM are based on controlling the complexity of the function class H (some-
times called the model complexity) by managing the bias-variance trade-off (cf., [15]):

1. If H is too small, all predictors in H may under-fit the training data (i.e., have large empirical risk)
and hence predict poorly on new data.

2. If H is too large, the empirical risk minimizer may over-fit spurious patterns in the training data that
result in poor accuracy on new examples (i.e., small empirical risk but large true risk).

The classical analysis is concerned with finding the “sweet spot” for the function class complexity that
balances these two concerns. The control of the function class complexity may be explicit, via the choice
of H (e.g., picking the neural network architecture), or it may be implicit, using regularization (e.g., early
stopping, complexity penalization). When a suitable balance is achieved, the performance of hn on the
training data is said to generalize to the population P . This is summarized in the classical U-shaped risk
curve, shown in Figure 1(a).

Conventional wisdom in machine learning expounds the hazards of over-fitting. The textbook corollary
of these hazards is that “a model with zero training error is overfit to the training data and will typically
generalize poorly” [15].

However, practitioners routinely use modern machine learning methods to fit the training data perfectly
or near-perfectly. For instance, highly complex neural networks and other non-linear predictors are often
trained to have very low or even zero training risk. In spite of the high function class complexity and
near-perfect fit to training data, these predictors often have excellent generalization performance—i.e., they
give accurate predictions on new data. Indeed, this behavior has guided a best practice in deep learning for
choosing the neural network architecture, specifically that the network architecture should be large enough
to permit effortless interpolation of the training data [21]. Moreover, recent evidence indicates that neural
networks and kernel machines trained to interpolate the training data obtain near-optimal test results even
when the training data are corrupted with high levels of noise [28, 3].

In this work, we bridge the gap between classical statistical analyses and the modern practice of machine
learning. We show that the classical U-shaped risk curve of the bias-variance trade-off, as well as the modern
behavior where high function class complexity is compatible with good generalization behavior, can both
be empirically witnessed with some important function classes including neural networks.

2

error

model complexity (number of parameters)

test error

training error

Maximizing model smoothness subject to the interpolation 
constraints is a form of the Occam's razor



Theory Meets Practice

Figure 3: Training and test risks of fully connected neural networks with a single layer of H hidden units,
learned on a subset of MNIST (n = 4 ⇥ 103, K = 10 classes; left: zero-one loss; right: squared loss). The
number of parameters is (d + 1) ⇥ H + (H + 1) ⇥ K. The interpolation threshold is observed at n ⇥ K.

3 Decision trees and ensemble methods

Does the double descent risk curve manifest with other prediction methods besides neural networks? We
give empirical evidence that the families of functions explored by boosting with decision trees and Random
Forests also show similar generalization behavior as neural nets, both before and after the interpolation
threshold.

AdaBoost and Random Forests have recently been investigated in the interpolation regime by Wyner
et al. [27]. In particular, they give empirical evidence that, when AdaBoost and Random Forests are used
with maximally large (interpolating) decision trees, the flexibility of the fitting methods yield interpolating
predictors that are more robust to noise in the training data than the predictors produced by rigid, non-
interpolating methods (e.g., AdaBoost or Random Forests with shallow trees). This in turn is said to yield
better generalization. A crucial aspect of the predictors is that they are averages of these (near) interpolating
trees (a property that is patent with Random Forests, but also observed for AdaBoost, as discussed by Wyner
et al.): the averaging ensures that the resulting function is substantially smoother than any individual tree,
which aligns with an inductive bias that is compatible with many real world problems.

We can understand these flexible fitting methods in the context of the double descent risk curve. Ob-
serve that the size of a decision tree (controlled by the number of leaves) is a natural way to parameterize
the function class complexity: a tree with only two leaves corresponds to two-piecewise constant functions
with axis-aligned boundary, while a tree with n leaves can interpolate n training examples. It is a classical
observation that the U-shaped bias-variance trade-off curve manifests in many problems when the class com-
plexity is considered this way [15]. (The interpolation threshold may be reached with fewer than n leaves in
many cases, but n is clearly an upper bound.) To further enlarge the function class, we consider ensembles
(averages) of several interpolating trees.1 So, beyond the interpolation threshold, we use the number of such

1These trees are trained in the way proposed in Random Forest except without bootstrap re-sampling. This is similar to the
PERT method of Cutler and Zhao [12].
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from Belkin, Mikhail, Daniel Hsu, Siyuan Ma, and Soumik Mandal. "Reconciling modern 
machine learning and the bias-variance trade-off." arXiv preprint arXiv:1812.11118 (2018).

MNIST experiments with kernels, random features, and neural nets



Rethinking Active Learning

In the interpolating regime, the training error is identically 
zero and yields no information about the expected loss

Standard active learning theory and methods are based on 
bounding test error in terms of training error (e.g., VC theory)



Kernel Machines and Neural Networks

y
<latexit sha1_base64="1T5uYEBBxjYA6j3HJ/HRdJfWWs4="></latexit>

x1
<latexit sha1_base64="TAaxbSZTwesI+QdIK0Z6h4BQ9uw="></latexit>

• kernel machine is a single hidden-layer neural network


• interpolation possible with infinite dimensional Reproducing 
Kernel Hilbert Space (RKHS) or overparameterized neural net
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Active Learning in Overparameterized Setting

f = model interpolating 6 initial labeled examples
<latexit sha1_base64="XjnbQxa4l5mbuYRgVqHdue7p5nk="></latexit>
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unlabeled examples
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u
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which example should be labeled next?



Active Learning in Overparameterized Setting

fu
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New example in between 
identically labeled examples

less smooth
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smoother
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k · k = RKHS norm or norm of neural network weights
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Active Learning in Overparameterized Setting
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New example in between 
oppositely labeled examples



Max-Min Sampling Criterion

Selection of next example to label

u? = argmax
u2U

min
n
kfu

�k , kfu
+k

o
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Intuition: attacking the most challenging points in the input space 
first may eliminate the need to label other “easier” examples later 


Mina Karzand and RN. “Active Learning in the Overparameterized 
and Interpolating Regime.” arXiv preprint arXiv:1905.12782 (2019).



Properties of Max-Min Sampling in RKHS

Assume that f 2 H, H is a Reproducing Kernel Hilbert Space (RKHS),

and f is the minimum RKHS-norm interpolator of the labeled examples
<latexit sha1_base64="KKaEGHs1c293JxRO0CQcQktZbFk="></latexit>

Selection of next example to label

u? = argmax
u2U

min
n
kfu

�k , kfu
+k

o
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• Minimum norm labeling of new example u is given by 
sign of current interpolator f 

• Selects samples near the current decision boundary and 
closest to oppositely labeled examples


• Yields optimal binary search behavior in one-dimension

Key Properties of RKHS Active Learner:



Kernel Active Learner in One Dimension

+1

-1

Theorem: Consider N points uniformly distributed in [0, 1] and labeled according
to piecewise constant binary-valued function g(x) with k pieces. Then the Laplace
kernel active learner perfectly predicts the labels of all N points after labeling
O(k logN) examples.

<latexit sha1_base64="g1nIABefkHQszyLyZ+bKLqSJoMo="></latexit>



Kernel Active Learner in Multiple Dimensions

+1

-1



Strength and Weakness of Max-Min Criterion

Limitation of max-min criterion:


• Can be too myopically focused on learning decision boundary

• RKHS norm is insensitive to data distribution


Figure 4: Uniform distribution of samples, smooth boundary, Laplace Kernel, Bandwidth= .1. On
left, sampling behavior of score(1) and score(2) at progressive stages (left to right). On right, error
probabilities as a function of number of labeled examples.

Figure 5: Uniform distribution of samples, smooth boundary, Laplace Kernel, Bandwidth= .1. On
left, sampling behavior of score(1) and score(2) at progressive stages (left to right). On right, error
probabilities as a function of number of labeled examples.

4 Interpolating Neural Network Active Learners

Here we briefly examine the extension of the max-min criterion and its variants to neural network
learners. Neural network complexity or capacity can be controlled by limiting magnitude of the
network weights [6, 29, 40]. A number of weight norms and related measures have been recently
proposed in the literature [30, 7, 21, 2, 28]. For example, ReLU networks with a single hidden layer
and minimum `2 norm weights coincide with linear spline interpolation [32]. With this in mind,
we provide empirical evidence showing that defining the max-min criterion with the norm of the
network weights yields a neural network active learning algorithm with properties analagous to those
obtained in the RKHS setting.

Consider a single hidden layer network with ReLU activation units trained using MSE loss.
In Figure 6 we show the results of an experiment implemented in PyTorch in the same settings
considered above for kernel machines in Figures 2 and 3. We trained an overparameterized network
with 100 hidden layer units to perfectly interpolate four training points with locations and binary
labels as depicted in Figure 6(a). The color depicts the magnitude of the learned interpolating
function: dark blue is 0 indicating the “decision boundary” and bright yellow is approximately 3.5.
Figure 6(b) denotes the score(1) with the weight norm (i.e., the `2 norm of the resulting network
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Data-Based Norm

Data-based Criterion:

f = min RKHS norm interpolator of {(xi, yi)}ni=1

fu = min RKHS norm interpolator adding u

u⇤ = argmax
u2U

X

x2U

⇣
fu(x)� f(x)

⌘2

<latexit sha1_base64="UmDJExsYt0eWFdlEjwVr7roo/AQ="></latexit>

select new example that leads to greatest change 
in interpolating function on the dataset



Max-Min RKHS norm vs. Data-based norm
Selection of next example to label

u? = argmax
u2U

min
n
kfu

�k , kfu
+k

o
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selection using on data-based norm strikes balance 
between focusing boundary and exploring more globally

Data-based Criterion:

f = min RKHS norm interpolator of {(xi, yi)}ni=1

fu = min RKHS norm interpolator adding u

u⇤ = argmax
u2U

X

x2U

⇣
fu(x)� f(x)

⌘2
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Min-Max and Data-Based Criteria
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max-min

data-based

data-based criterion has more graceful error decay



Cluster-Seeking Nature of Data-Based Criterion
Selection of next example to label

u? = argmax
u2U

min
n
kfu

�k , kfu
+k

o
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Data-based Criterion:

f = min RKHS norm interpolator of {(xi, yi)}ni=1

fu = min RKHS norm interpolator adding u

u⇤ = argmax
u2U

X
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focuses more on finding boundaries focuses more on finding clusters



equal to 5 or not. We used Laplace kernel with bandwidth 10 on the vectorized version of a dataset
of 500 images. Hence, the dimensionality of each sample is 400. For comparison, we implemented a
passive learning algorithm which selects the points randomly, the active learning algorithm using
score(1) with RKHS norm, and the active learning algorithm using score(2) with data-based function
norm described in Section 3.5. Figure 8 depicts the decay of probability of error for each of these
algorithms. The behavior is similar to the theory and experiments above. Both the RKHS norm
and the data-based norm, score(1) and score(2) respectively, dramatically outperform the passive
learning baseline and the data-based norm results in somewhat more graceful error decay.
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Figure 8: Probability of error for learning a classification task on MNIST data set. The performance
of three selection criteria for labeling the samples: random slection, active selection based on score(1),
and active selection based on score(2). The left curve depicts the probability of error on the training
set and the right curve is the probability of error on the test set.
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Conclusions

• theory and methods of active learning are well-developed in the 
classical statistical learning framework (e.g., VC theory)


• classical theory may not be applicable in overparameterized regime


• new framework for active learning based on minimum norm 
interpolators shows promise in theory and practice, for both kernel 
machines and neural networks


• many opportunities to develop new theory for modern deep 
learning methods and new computationally efficient algorithms for 
active learning

Thanks!

slides: http://nowak.ece.wisc.edu/ActiveML.html
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