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Agnostic Active Learning




Uniform Bernstein Inequality

Bernstein’s inequality:

For m iid samples
Vf L wop. 1—6,
R(f) ~ R(f') < R(f) — R + ey P(f # f7) /2000 4 los1/0)

Uniform Bernstein inequality: VC dimension

w.p. 1—06,Vf,f eH,
R(f) = R(") < R(J) = R + ey P(J # f)2iosmla) . dlogtom/

Roughly:
v, [ eH,

R(f) = R(f') < R(f) = R(f") + \ P(f # 1) 2




Ag n OSt | C ACtlve I—e a r n I n g Balcan, Beygelzimer, & Langford (2006)

Region of disagreement:

DIS(H) :=={x e X :3f, f e H, f(z) # f(x)}

A? (Agnostic Active)

for t =1,2,... (til stopping-criterion)
1. sample 2! unlabeled points S
2. label points in Q = DIS(H) N S
3. optimize f + argmin RQ(f)

feHr
4. reduce H: remove all f with I%Q(f) — RQ(f) >/ Pol(f # f)

loutput final f
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Agnostic Active Learning

DIS(H) :={x e X :3f, f e H, f(z) # f'(x)}

A? (Agnostic Active)

for t = 1,2,... (til stopping-criterion)
1. sample 2! unlabeled points S

2. label points in Q = DIS(H)N S

feH
4. reduce H: remove all f with RQ(f) —RQ(f) > \/PQ(f + f)%|

loutput final f

3. optimize f + argmin RQ(f) [



Agnostic Active Learning
DIS(H) :={x e X :3f, f' e H, f(x) # f(x)}

A? (Agnostic Active) The point:
Any t with f* € H still,
R(f*|DIS(H)) still minimal in H

for t = 1,2,... (til stopping-criterion)

1. sample 2! unlabeled points S

=
2. label points in Q = DIS(H)N S ~ A "
e Ro(f*) - Ro(f)
5 optimize < arguin ol < R(f*|DIS(H)) — R(fIDIS(H)) + /Pa(f* # )iy

)
4. reduce H: remove all f with Ro(f) — Ro(f) > \/PQ(f + f)ﬁ<— < \/PQ fx £ f %

loutput final f

= f* never removed.




Agnostic Active Learning
DIS(H) :={x e X :3f, f' e H, f(x) # f(x)}

A? (Agnostic Active) The point:
Any t with f* € H still,
R(f*|DIS(H)) still minimal in H

for t = 1,2,... (til stopping-criterion)

1. sample 2! unlabeled points S
—

2. label points in Q = DIS(H)N S ~ A "
e Ro(f*) - Ro(f)
5 optimize < arguin ol < R(f*|DIS(H)) — R(fIDIS(H)) + /Pa(f* # )iy

4. reduce H: remove all f with Ro(f) — Ro(f) > \/PQ(f + f)ﬁ<— < \/PQ fx £ )%

loutput final f

= f* never removed.

Next: How many labels does it use?



Sample Complexity Analysis anneke (2007,.)
Ball: B(f*,r):={feH: Px(f#f*) <r}
DIS(B(/*, 7)) := {& € X : 3f. [ € B(f*,7). [(x) # ['(x)}

Disagreement coefficient:

) — oy PXDIS(BU )
r>e r



Sample Complexity Analysis

Ball: B(f*,r):={f e H: Px(f# f*) <r} Example: Thresholds, Px Uniform(0, 1)

= >
DIS(B(f",1)) = {x € 37, € B(* 1), (2) # () flo) =Tz =4

Disagreement coefficient: |

9 — sup XIS, 1) o

r>e¢ r
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Ball: B(f*,r):={f e H: Px(f # f*) <r} Example: Thresholds, Px Uniform(0, 1)
=lx >t
DIS(B(f*,r)) :=={x € X : 3f, f € B(f*,r), f(x) # ['(2)} f(z) v =1

Disagreement coefficient: | | |
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r>e¢ r
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Sample Complexity Analysis

Ball: B(f*,r):={f e H: Px(f# f*) <r} Example: Intervals, Px Uniform(0, 1)

DIS(B(f*,r) == { € X : 3f, f' € B, 1), £(a) £ F'(a)} fle)=llasz<b

Disagreement coefficient: | |

0 — sup Px (DIS(B(f*,7))) a* b

r>e¢ r




Sample Complexity Analysis

Ball: B(f*,r):={f e H: Px(f # f*) <r} Example: Intervals, Px Uniform(0, 1)
f(z) =Tla <z <b)

oo

DIS(B(f*,7)) = {z € X : 3f, f' € B(f*,7), f(x) # ['(x)}

e e

Disagreement coefficient:

0 1
0 — sup Px (DIS(B(f*,7))) a* b*

r>e¢ r

w* :=b*—a*
If r < w*,
DIS(B(f*,7)) = [a* —r,a* +r) U (b* —r,b* + 1]

Px(DIS(B(f*,7))) = 4r
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DIS(B(f*,r) == { € X : 3f, f' € B, 1), £(a) £ F'(a)} fle)=llasz<b

r-u”
Disagreement coefficient: H I I
0
0 = sup Px (DIS(B(f*,r))) ab at b
r>e r

w* :=b* —a*
Ifr > w*,

DIS(B(f*,r))

|
Do

Px(DIS(B(f*,7))) = 1
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Sample Complexity Analysis

Ball: B(f*,r):={f € H: Px(f # f*) <r} Example: Intervals, Px Uniform(0, 1)

—Ta<z<
DIS(B(f".1)) = {x € X :3f. f/ € B(".r). f(2) # F'(2)) flz)=llasz<)

Disagreement coefficient:
0 1

0 — sup Px (DIS(B(f*,7))) a* b*

r>e¢ r

w* :=b0" —a”
If r > w*,
DIS(B(f*, 7)) = &

Px (DIS(B(f*,r))) =1



Sample Complexity Analysis

Ball: B(f*,r):={f e H: Px(f # f*) <r} Example: Intervals, Px Uniform(0, 1)

=la<z<
DIS(B(f*, 7)) == {w € X : 3, f € B(f*,r)., f(x) # ['(a)} flo)=Tla<a<b

Disagreement coefficient: | |

0 — sup Px (DIS(B(f*,7))) a* b*

r>e¢ r

w* = b* —a*
If » < w*, Px(DIS(B(f*,r))) = 4r
If » > w*, Px(DIS(B(f*,r))) =1

=0 < max{4, #}



Sample Complexity Analysis

Ball: B(f*,r):={feH:Px(f#[") <r} Example: homog. linear separators (bias 0),
n dimensions, uniform Px on sphere.

DIS(B(f*,7)) = {z € X : 3f, f' € B(f*,7), f(x) # ['(x)}

Disagreement coefficient:

g — oy PXDISEB(. )

r>e¢ r
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Ball: B(f*,r):={feH: Px(f#f*) <r}

DIS(B(f*,7)) = {z € X : 3f, f' € B(f*,7), f(x) # ['(x)}

Disagreement coefficient:

0 = sup
r>€

Px (DIS(B(f*,7)))

r

Example: homog. linear separators (bias 0),
n dimensions, uniform Px on sphere.



Sample Complexity Analysis

Ball: B(f*,r):={feH:Px(f#[") <r} Example: homog. linear separators (bias 0),
n dimensions, uniform Px on sphere.

DIS(B(f*,7)) = {z € X : 3f, f' € B(f*,7), f(x) # ['(x)}

Disagreement coefficient:

0 = sup PX(DIS(B(f*a T)))

r>e¢ r

4 DIS(B(f*,r))

Some geometry = for small r,
Px(DIS(B(f*,1))) ox y/nr.
= 0 x /n.



Sample Complexity Analysis

Bounded Noise assumption: (aka Massart noise)

18 < 1/2s.t. P(Y # f*(X)|X) < 8 everywhere

Sample Complexity: Excess Error:
R(f) < R(f*)+e n labels
Passive g %
Active df log( %) e—"n/do



Sample Complexity Analysis
DIS(H) :={x e X :3f, f' e H, f(x) # f(x)}

A® (Agnostic Active) Theorem: P(Y # f*(X)|X) < 8. R(f) < R(f*) + € with
for t = 1,2,... (til stopping-criterion) 4 labels ~ df log(l)
1. sample 2! unlabeled points S Proof Sketch:

Round ¢, all f € H agree on pts in S
9. label points in Q = DIS(H) N S f g p \Q

NS 7 Roughly, that means Step 4 only keeps f with
3. optimize f < argmin Rg(f) P
= R(f) = R(f*) S \/Px(f # )%

4. reduce H: remove all f with Ro(f) — \/ Po(f

= surviving f after round t have R(f) — R(f*) < 2%
loutput final f =12 log(g) suffices

Also = after round t — 1, H C B(f*,d/2!71)

= |Q| < Px(DIS(B(f*,d/2""1)))|S| < 54|S| = 6d2

log(d/e)

Z 0d = leog() []



Sample Complexity Analysis
DIS(H) :={x e X :3f, f' e H, f(x) # f(x)}

A® (Agnostic Active) Theorem: P(Y # f*(X)|X) < 8. R(f) < R(f*) + € with
for t = 1,2,... (til stopping-criterion) 4 labels ~ df log(l)
1. sample 2! unlabeled points S Proof Sketch:

Round ¢, all f € H agree on pts in S
9. label points in Q = DIS(H) N S f g p \Q

Roughly, that means Step 4 only keeps f with

3. optimize f + argmin RQ(f)

= R(f) = R(f*) S \/Px(f # )%
4. reduce H: remove all f with RQ f)— \/ Po(f
= surviving f after round t have R(f) — R(f*) < 2%
loutput final f / =12 log(g) suffices
Bounded noise: Also = after round ¢t — 1, H C B(f*,d/2!™1)
R(f) = R(f*) :f#j}(P(Y = [H(X)|X) = P(Y # f*(X)|X))dPx
) < Px(DIS(B(f*,d/2:"))|S| < 0541 |S| = 6d2

log(d/e)

Z Od = leog() ]



Sample Complexity Analysis

Agnostic Learning: (no assumptions)

Denote 8 = R(f*)

Sample Complexity:
R(f) < R(f*) +e

Passive dg

Active d@f—j

Excess Error:
n labels

ds

n

[ag0
T



Sample Complexity Analysis

DIS(H) :={x e X :3f, f' e H, f(x) # f(x)}

A? (Agnostic Active) Theorem: 8 = R(f*). R(f) < R(f*) + € with
for t = 1,2,... (til stopping-criterion) 4 labels A d@ﬁ
N — 62 0
1. sample 2! unlabeled points S Proof Sketch:

Round ¢, all f € H agree on pts in S\ @
2. label points in Q = DIS(H)N S
Roughly, that means Step 4 only keeps f with

3. optimize f in i2 — R(f* *) g
optimize f < argmin fg(f) R(f) = R(F) S \/Px(f # )%

4. reduce H: remove all f with RQ(f) - RQ(f) > \/PQ(f # fq)ﬁ = surviving f after round ¢ have R(f) — R(f*) < \/B&% + &
loutput final f (Roughly) \/5%

=12 log(deﬁz) suffices

Also = after round t—1, H C B(f*,Qﬁ + 6%) C B(f*,38) (for large t)

= |Q| < Px(DIS(B(f~,38)))|S| < 68]5| = 652°

log(dp/€?)

> 082t~ 0d5; ]

t=1



Sample Complexity Analysis

DIS(H) :={x e X :3f, f' e H, f(x) # f(x)}

A? (Agnostic Active) Theorem: 8 = R(f*). R(f) < R(f*) + € with
for t = 1,2,... (til stopping-criterion) 4 labels A d@ﬁ
LK — 62 .
1. sample 2! unlabeled points S Proof Sketch:

Round ¢, all f € H agree on pts in S\ @
2. label points in Q = DIS(H)N S
Roughly, that means Step 4 only keeps f with

3. optimize f in i2 — R(f* *) g
optimize f < argmin fg(f) R(f) = R(F) S \/Px(f # )%

4. reduce H: remove all f with RQ(f) - RQ(f) > \/PQ(f # fq)ﬁ = surviving f after round ¢ have R(f) — R(f*) < \/B&% + &
loutput final f / (Roughly) \/5%

=12 log(deﬁz) suffices

Px(f # ) < R(f) + R(f*) =28 + R(f) — R(f")

Also = after round t—1, H C B(f*,QB + 6%) C B(f*,38) (for large t)

= |Q| < Px(DIS(B(f~,38)))|S| < 68]5| = 652°

log(dp/€?)

> 082t~ 0d5; ]

t=1



Sample Complexity Analysis

When is 6 small?

e Linear separators, Px has a density,

f* boundary intersects interior of support
= 6 bounded

e Linear separators, Px has a density

:>9<<%

e 7 smoothly-parametrized model,
Px “regular” density w/ compact support,
other technical conditions on H
= 0 «x # parameters for H



Sample Complexity Analysis

When is 6 small?

e Linear separators, Px has a density,

f* boundary intersects interior of support
= 6 bounded

e Linear separators, Px has a density

:>9<<%

e 7 smoothly-parametrized model,
Px “regular” density w/ compact support,
other technical conditions on H
= 0 o # parameters for H

® --- Lots more




Stopping Criterion

DIS(H) :={x e X :3f, f' e H, f(x) # f(x)}

A? (Agnostic Active) Stopping criteria:

for t = 1,2,... (til stopping-criterion)

| e Any-time
1. sample 2! unlabeled points S

2. label points in @ = DIS(H) N S e Label budget

3. optimize f + argmin RQ(f)
feH

4. reduce H: remove all f with RQ(f) —RQ(f) > \/PQ(f + f)ﬁ

e Run out of unlabeled data

loutput final f ~ ~ d
e Check max \/PQ(f £ ) <e



Simpler Agnostic Active Learning ou 2010,.)

0 {] e Roughly same sample complexity as A2.
for m = 1,2,... (til stopping-criterion) e Can implement as a reduction to ERM.
1. sample a random point x e In practice, replace ERM with any passive learner.

A

2. optimize Vy, fy < argmin Rg(f)
fEH: f(x)=y

3. if [Ro(fy) — Ro(f)l < \/Po(/- # f1)ig

then label x, add it to )

output f = argmin R (f)
feH




Surrogate Loss

Q « {}
for m = 1,2, ... (til stopping-criterion)
1. sample a random point x

2. optimize Vy, fy < argmin Rég(f)
JeEH: f(x)=y

Hanneke & Yang (2012)
e Roughly same sample complexity as A2.
e Can implement as a reduction to ERM.

e In practice, replace ERM with any passive learner.

T

3. if |[Ro(f+) = Ro(F)l < \/Palf- # f)ig
then label x, add it to )

loutput f = argmin RQ(f)
feH

Consider learner that minimizes a surrogate loss
(R x {—1,+1} > R,
(e.g., hinge loss, squared loss, exponential loss, .. .)

Now H is real-valued functions

RY = L ((f(z),
Q(f) 0] (mij)IEQ (f(z),y)

Theorem: Bounded noise, plus strong assumptions on H,¢,P

still get R(f) < R(f*) + € with # labels

~ fdlog(1)




Importance-Weighted Active Learning

Q< {}

for m = 1,2, ... (til stopping-criterion)
1. sample a random point x

2. set sampling probability p,

3. flip coin with prob p, of heads
4. if heads, label x, add to @ with weight 1/p,

loutput f = argmin RQ( f) (weighted loss)

feH

Beygelzimer, Dasgupta,
Langford (2009)

Use importance weights to stay unbiased:

E[Rq(f)] = R(f)

Now @ set of triples (z,y, w)

Ro(f)=7 X wllf(z)#y)

(z,y,w)EQ

e Any choice of Step 2 (setting p,) is fine
(just p; not too small, else high variance)

e Can set p, in a way to recover A% sample complexity

pe = 1| 1Ro(f) = Ro(F) < \/PalFs # 1) |




Importance-Weighted Active Learning  tngeaton =
0 1 Use importance weights to stay unbiased:

E[Rq(f)] = R(f)

for m = 1,2, ... (til stopping-criterion)
Now @ set of triples (z,y, w)
1. sample a random point x

Ro(f)=7 X wllf(z)#y)

2. set sampling probability p, (z,y,w)€EQ

3. flip coin with prob p, of heads e Any choice of Step 2 (setting p,) is fine
(just p; not too small, else high variance)

4. if heads, label x, add to @ with weight 1/p,
e Can set p, in a way to recover A? sample complexity

output f = arfer%in Ro(f) (weighted loss) py =1 |I%Q(f+) . ]%Q(f_ﬂ < \/PQ(f+ £ f_)ﬁ

e In practice, replace ERM with any passive learner
(e.g., ERM with a surrogate loss)

e (approx) implementation in Vowpal Wabbit library
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